AS 1.3 Applying Algebraic Skills To Sequences

Recurrence Relations

A recurrence relation describes a sequence where each term is a function of the
previous term. A recurrence relation will generate different sequences for different
starting values.

Compound Interest is an example of a recurrence relation.

u, Is the initial value

u, isvalue after n years
e.g. £32500 initial investment with 2.5 % interest per year 2 5“/6 addad
—0
u =1.025u, =.025

n+l

A sequence defined by u ,,, = au, +b, a#0 is called a linear recurrence relation.

Examples
[) Find a recurrence relation, including the first term u; for the sequence
7, 11,15, 19,..
S C
7, 11,15, 19
N
o U

Une = Untly U= 7

2) A sequence is defined by the recurrence relation u,,, =0.6u, +5, u,=8.

Calculate the value of u, and find the smallest n such thatu,, > 12

U= 0.6uts Ue> 11.9468..
:Ob\g*‘S —
_qy Us = 1215...

Ues 0.6¢a845 The Smallest Velte of

- 10.%8 |
o Such el Un 7L
Uy 060 815 N

= 1528

n+l

pRL Exidh 10

. . - > {
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3) At the start 2001 the population in India was 586 million. If the annual rate of
population increase is 2 % what will the population be by the end of 2004 ?
Find a recurrence relation for the population growth ?

2% woere o 02%  alogiies

=102.
k rowth 556 x 1024 milha
8@‘) J = 636, % mli (\LSJ@
arend of 200k

Ut = L0200 Whoe e o e Sort of
U Un Un= Mo){k(;d\ &hg@waﬂfrwl

Uo = 586 milies

4) Supposing with example 3 we take into consideration that 1.5 million die every year.
Construct a new recurrence relation and work out a more accurate answer for the
population in 2004.

Uny = 102Un —15
dch of end of 206 1S L yoe afier Jot ol

2001
e find U y-
W, = 1L.0L x 586 -1.5
Up= 1.02x 5a6.22 - 1.5
= 606.5ULk
Uy= B17.27128%
6281228358 628\ mitar (LsF)

G o puk Wb of e ers emaed ench weee ancl
eueh weekm pdpie dligp  25ke Ttée of liler, mgkaa PeCUNEA
el ossumn mm b o C Yo skt wh
Lt U oraf of s aﬁtr nn el .

U =0 Ex 15B, pg 321 -322 G)
o el o 0% 6 ceurence ookt > @7
W enoed = W bl R PO B B

UNH * (;luﬂ ¥ Zb ,
% molplact S ot QOM'
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Solving Recurrence Relations- u ,,,=au,+b -tofindaandb

Example

A recurrence relation is defined byu,,, =au, +b

Ifu, =5, u, =9.5and u, =20.75 find the values of a and b.

Uy = Al tb
U= QUtb = Q5= 5ath .. @
U = AU, th 20.75 - Q5at h .. @

Scloe Stmolanetely
0 -0 .50 = (1.25
Q=25
i O 5x2.5th= 95
1.5 tb= 45
b= -3
0 025, b3,

Ex 15C, pg 323 - 324

11810}
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The Limit of a Recurrence Relation

For a linear recurrence relation w_, = au, + b .then u, tends to

a limit as # — o and the limif L = nd we say that the recurrence relation is

-a’
convergent.

Examples
1) Find the first three terms and the limit if it exists of the recurrence relation

T bimt exsly s - <0.6 ¢
W= 0.6x20t1L h= b ‘
Upe  0.6x20% L = n s bofre
= 26. i-06 'mld ) O
= [t
Ou
= 30.

mature trees. To maintain stocks the company needs to have 1500 mature trees at any
one time. [t estimates that 25% of mature trees are felled each month while 300 trees
reach maturity over the same period of time. Will stocks be maintained at an

N N B W

acceptable level?
costdor limik
U% s Rl o datcwnmc i

bl ot reuﬁ(m Napers m
Rumper of e o Slat i - 1000

fob Un > numper of M&afﬂ@endo?eack morh .

%% > 5% alogelhes
= 0. h)gﬂ

0 Unys 05U+ 300
Spee < 0.75 </ |t X

{ 2) A forestry company owns 100 hectares of woodland. Each hectare contains 60

0,15 s less thon 150
= 100 mﬁc@ Ug\\ m{@rd maniaecl
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3) Secret Agent 004 has been captured and his captors are giving him a 25mg dose of
truth serum every four hours. 15% of the truth serum present in his body is lost every
hour.
a. Calculate how many mg of serum are present in his body after 4 hours
(just before the second dose is given)

b. Let u, be the amount of serum in the body just after the nth dose.
Determine a recurrence relation for u,

¢. 55mg of serum in the body would prove fatal and his captors wish to
keep him alive. Can the captors safely continue this treatment?

@ 1B ) ah how = Wb &
= 045
amont offer L W = 085X 25
= .Amy (3sF)

| . 085Y X K¢
b jraig. o R omant s odded ey

b hos so % Mukipler
mat ke fer & hws ko.
= 05220 U—Lg‘” B

Uni= 0.52200n t 15

©  FHnd ik )
S - ¢ 0500 <l a lmb exuh

: 25
1~0.520
= 53 (3s¢)
Yes it chould be sufe fo Qifimve Hhg Treament becane 1t e

\ona e . Wl hcwe 523@ of e 1 NS body affer
m dose lNWC\t 15 16 mﬁ Ex15D, pg 326

Harder Example (Recurrence Booklet Ex 3A, Q3)
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