AS 1.3 Applying Calculus Skills of Differentiation

Differentiation
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For a function f (x), the derived function or derivative of f (x) is denoted by f'(x) or ’ @

& and given as

dx

f'(x) = lim f(x+h)-f(x)
h—>0 h

Rules for Differentiation

“Multiply by the power and reduce the power by 1” ! _ _ i
o (Tt ong o the pasess
* n-1

If f(x)=x" then f'(x) = nx
ot s o Ml
* If f(x)=ax" then f’ (x)= nax""
* I fx)=gkx) + h(x then f'x)=g'(x) + h'(x)
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AS 1.3 Applying Calculus Skills of Differentiation

= f(x) or y needs to be in the form of a sum of powers of x before we can
differentiate it.

= return the derivatives to a sensible form

» derivative of a constant = 0

Examples
1) f(x) = x? 2) y=x 3) g(x) =-2x°
P'()= 3 d. ._\/x'% 9‘(9() s 6=3x°
(X 2 { u
[ - “Ax5
N Z 2
R/ ansies shotd
e lvé& nth psiltie fpau‘:_ls
of X
3
4) k(x)= 3x 5) m(x) =4 6) f(x) = Zx
R'(x)=3 m(x) >0 P = 3
Ny= - x_; 8) differentiate -5x—§ "
CB < 34 2 & - -‘yx’s
CV.X 2 d -1
. L, Y - 203
a (X 3
: i} _Z_Ql
3N
p. 210 Ex 9A
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AS 1.3 Applying Calculus Skills of Differentiation

Examples (cont)

9) f(x) = x* = 3x2+9x - 6 10) g(x) = 3x2 —%—%x'S
PI(X): hxbf()/x%ﬁl 91(,\0: b - L4 l‘g‘,x—(:
) S ot

continue p. 210 Ex 9A

Remember :-

Deal with brackets and fractions before attempting to differentiate.

Examples (cont)

11) fx)=(x*+2)(x—-4) 12)y= ;—2
= - et 2X 6 Y K
_P\M; 5XL,6/X 1) (,_M : "2')(3
) O _2_'

N3
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AS 1.3 Applying Calculus Skills of Differentiation

14) h (x) = Vx (3 + Vx)

13)hx) = Jx
1 L |
= N :,/XL(/X?)T:KLJ
I
h - dx ERL
. o <
R N LAz +]
AN+ 2
198@ =321 0 1= - 2
iy hi = X 5 - 2
— 1 = /X 3 — £
i /il ——2—[2 +JA 3X1
X Xz X 5 .
> X - Zyx =
2 | 5
= /XL'2(XL FX 2 | 3
Yt ey
(90\()' %’/X N - £ ¢ i,
A e 2X%
p. 215 Ex 9B
4
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AS 1.3 Applying Calculus Skills of Differentiation
APPLICATIONS OF DIFFERENTIATION

Consider the graph of a function f (x)
Y a

e

A

Suppose we wish to know the gradient of the tangent to the curve at point A (x, f(x)).
We look at a point close by, namely B (x+h, f(x+h)). As we move the point B closer
to the point A the gradient of the line AB becomes the gradient of the tangent at point

A.

m ,, = f(x+h)-f(x)
x+h-x

= f(xth) — f(x)
h

So the gradient of the tangent at A is

lim _f(x+h) - fix)
h—0 h

= ' ()

Conclusion

The derivative of a function represents

° The rate of change of the function at x
o The gradient of the tangent to the graph of the function at x
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Unit 2 AS 1.3 Applying Calculus Skills of Differentiation
Examples

1) Find the gradient of the curve y = 6x — 2x’ at the point when x = 3

Afenhale o
dy - -6t
N o ‘
thl\ /><:3 C_‘g = b~ 6)(3L
Ry
(ﬂmdl(m} 1S =48 Whap & =3

2) A curve has equation y = 3x(x> — 2). Find & when x = -1
x

Y= X% -bx
AW i
(37)( - |z>é§
When = = A6
% =¥

3) Find the gradient of%to the curve y =3x?- l atx =-1

= -
‘55% NS
S AJZL
N g&i - b
A
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Unit 2 AS 1.3 Applying Calculus Skills of Differentiation

4. The pulse rate in beats per minute of a runner t minutes after starting to run is
given by

p(t)=60+%t2 —t fort<10

Find the rate of change of the pulse of the runner 6 minutes after starting.

\Ferenhale
pHH- £l

L) -l
p()*B beals for ML,

5. A ball is thrown vertically upwards. The height (in metres) of the ball above the
ground, ¢ seconds after it is thrown, can be represented by the formula

h(t) =30t — 6.

The velocity, vms™, of the ball at time ¢ is given by v = %

Find the velocity of the cricket ball one second after it is thrown.
V= odh - 302t
dk

| t=l dh - L
oot €© G 30- xl

= 1% mls.

p- 222 Ex 9D
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AS 1.3 Applying Calculus Skills of Differentiation

The Derivatives of sinx and cosx

d(sin x)
dx

or

=CO0sx

d(cos x)

or
dx

=-—sinx

Note :- Any calculus involving trigonometric functions MUST be done in
radians.

Examples :- Determine the derivatives of :-

1) 5sinx 2) -4 cos x 3) cos x —sin x

%: 5 X Y=oy Y= UBX -SinA

d) - 50 @ - s ) = =i - X
Y y - L a)

4) y=%x2 —CcoSX 5)h(% = %_ 4sinx + %

dy - xS hxls 5 _ s+ 4,

CVX X2 X3

)= 50 - Lsina 3 )
N -3 -

Y - '5 5 1 [F i

Wi -2 XE-Lox - xS

22 sy - b
2 | 3{){%

(1 (V3]

p.227Ex9E Q)
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AS 1.3 Applying Calculus Skills of Differentiation

Further application

6) Find the gradient of the tangent to the curve f(x)=-4 cos x when x = 47”

T ety -
£ b B

PUX) = LSin
O 2= Gr o P(UTY- sin T A
S S 3 T
=, sin ({) I 3_!1‘
. u .J-S S =
i -z
=- 1208
7 Forf(x)=2sinx,ﬁndf’(%) 8) f(x):%\/x;sinx find f'(x)
. A
PN = XcBx Fx) - 2% 32 qin
P(E)- 2T L
) 2“\3 = 2 - 3xEdiny
ey X X o
> - 9 3 - 3sinx
R
P A - 3o
- /')i(‘}\— — 38X
p.227 Ex 9E
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AS 1.3 Applying Calculus Skills of Differentiation

The “Chain” Rule for Differentiation of compeosite functions

The chain rule is used to find derivatives of functions within other functions.

You may do this by making a substitution, or remembering to differentiate the
bracket, then multiply the result by the derivative of the contents of the bracket.

1.e for
h(x) = f(g(x))
h'(x) =1'(g(x)). g (x) T~

T I e
denvthve of clﬁh m of denvehe of bif
% v%y L ' in birdlel

If substituting (using «), then 2= x—
g (using u), dx  du  dx

Examples :- Differentiate the following functions

L y=(3x+6y 2 g0 =62x -7 3. y=J2x +37) i
‘ ) - il = 5. i
%.—3(5&1f6)ﬂ b ,3‘(“.0"]“2'-"7)?12. g (2x 134 ) |
v ﬁuvah\k ) Td%“\(%\k’ = ‘Zh(t\(, )3 Ca%( El,( YSB’\’) : A
X o Difin \ -
- A - BXY (13N =
. \@«(w‘fe)‘t (1) . s
(s 13x) 2
H_1 5
@x-1)° MY e
i1 = ...L . ~ 2.
Y= ()M Y (it
e “ 2oyt
Y- h ' 2 "33)_
AU dy =~ (3] =6 x
. =B e
(2x-1)* (3%(1) 3
p. 232 Ex 9G
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AS 1.3 Applying Calculus Skills of Differentiation
Application

6) Find the gradient of the tangent to the curvey=(4x+3)6whenx=-1
dy - ¢ (xS,
a7 o)k
= 2 (it 3)°
N X=-l %% = 24 (Wx)13)°
T (Y
- =)

p. 234 Ex 9G Q. 7 onwards

The chain rule and trigonometry
Examples: differentiate

1) y=sin%x 2) y=4cos6x 3) y=2cos’x

O U= SN
> ) < Bk
g}é -9 (8nx)' « @

= 28I (8K

@ Yy L) @ YUhE)

W - -USIMM\ x b

A T R 24

e

¢ ¥ %(ﬁ&z)ﬁ

%&X 6 (asx ) (sinx)

> — bSINX 8K
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AS 1.3 Applying Calculus Skills of Differentiation
4) f(x) = sin (3 — x) 5) Find the gradient of the curve y = 3cos 3x

at the point where x = %

® fix)-9n (2
S IEREN (3-%) x ()
== (08 (3)
G Y 3@y
dvg)( . =33 () «3
¢

== Qsin 3%
_ W - -qgp 3/
hn Nog %t%( qgm?)(s)
= -4Sih
= 0.

p. 235 Ex 9H
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AS 1.3 Applying Calculus Skills of Differentiation

Using Differentiation

Determining the equation of a tangent to a curve by differentiation
(you have already done questions involving finding the gradient of tangents)

Reminder: straight lines can be modelled using gradient m and any point (a,b) by
y—-b=m(x - a)

1) Find the equation of the tangent to the curve y = x> — 4x + 7 at the point (3,4)

(Wr %9 X~ @
N =3 1%(

~ . ; -h= M (X-C m L
L?uahm 3}; : Z[(N';)\ (ab) - (3,4
(\j U= N-b
y- e

2) The gradient of a tangent to the curve y = x* -2x*+7 is 4 at point P. Find the
equation of the tangent at P.

- 2Av2_ |
%‘g’( - 32 (y
Gucieor % 4 80 3¢-lx =4
3x=-4x-§ =0
Brr2)x-2) =0
/x'% o X=2.
f)(qé - (waz(z Jit7 o Wlh X=2 Y= 8817
i y-b= mix-)
Egubii Yy -b- m(/w) J1=ule)
Y LS‘L (X~ 2_> - x-¢
B Y= -]
273-\57 |08 1L
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AS 1.3 Applying Calculus Skills of Differentiation

3) Find the equation of the tangent to the curve y = 6 sinx at the point where x = %

M dy - beoyx
(X

s AX= I %}L: 6asT
- 643

2
= 3.3

&

ot
AN ) —,'Tr _ . )
e A T Yys bsm_g

= 6x2\_

= 3 )

Eg iy y-b=m (/Xfa)
Y37 3B

9"3" S-VB‘X‘ '\,Sir
2
Y= 88 +3-3T

p. 240 Ex 10A

Increasing and Decreasing Functions and Stationary Points

For any curve y = f (x) , at point x

If Z—y > ( (tangent has +ve gradient) the function f (x) is
X
dy . . .
If o < 0 (tangent has —ve gradient) the function f (x) is
X
If Z—y =( (tangent is horizontal) the function f (x) has a
by

Cfe Higher Maths Unit 2 Relationships and Calculus

InCregsiny
dCCIEaSn_g
S\Zﬁur\aﬂ pomt

13 il



AS 1.3 Applying Calculus Skills of Differentiation

v

Example
1) For the function f(x) = 3x - x*, find where it is
a) stationary

5 L’LZZZZT&%M s o) stahuay g gz) 0
P - 33e =g
) Mcma)mﬂ P >0 ™

349 0 Auadche e
Sl <AC | =G24 ?llllv”‘

L) decresiy fmco

K= or X |

2) Show that the function f(x) = x* -3x2 +3x -10 is never decreasing,
V) = 3-ox+3
-3 (% - Xt )

3o} o
20 » PN o nwer docrasing

-
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AS 1.3 Applying Calculus Skills of Differentiation
3) For g(x) = x> — 3x* — 9x +4, find the range of values for which g(x) is

decreasing.
5‘ (x)= 3%~ bx -4
( , ‘
- 3(xkx 3)
-3 x-3)(xH)

g(x) <0

G v M
5 3(x=3)(x+1) <O \
X3 ~\\\/3 >X

p- 250 Ex 10B
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AS 1.3 Applying Calculus Skills of Differentiation

Stationary Points and Their Nature

o~ T T YT T

Stationary Points occur when Z—y = (or f'(x) = 0)
X

The nature of stationary points depends on what is happening either side of them.

Nature of Stationary Points

Maximum Turning Point

Y
g{%duzu\‘

Glurdﬂ Lc)md&.n}

7 \ X

d—y> 0 before & < ( after
dx dx

Minimum Turning Point

Y

é)mden ‘gmqiﬁenr

Y

b < (0 before dy > () after
dx dx
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AS 1.3 Applying Calculus Skills of Differentiation

Rising Point of Inflection

& > (0 before & > () after
dx dx

Falling Point of Inflection

A

gradiﬂnr -

& < (0 before & < ( after
dx dx
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AS 1.3 Applying Calculus Skills of Differentiation
Examples

1) Find the co-ordinates of the stationary points on the curve y = 2x> -9x* + 12x
and determine their nature.

Y- DS~ AN+ x
Y - g -18xt I
(X
=6 (X -3xt2) |
=§ (r)(f (rx \) X ’(:C\ld{“,}e l€' POSSIWJ

Stalunasy oy c_lg .0

é(fx-z)(m—\)
x=2 oF X=1
3(0—0@5 X=2 J IXS -axl +2(
: e
X= =2-q% 1L _
(-9_'5— U,5/
Nae 1S5 S, S
%\%:{;(m-z_)m) L o -5 0 L.
| 2

Qndei  (W5] 8 a0 max TP
(L6) s G mp TP
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AS 1.3 Applying Calculus Skills of Differentiation

2) Find the stationary points on the curve y = %x

determine their nature.

4 —§x3+2x2+3 and

y: X4 st 7013,

ca\g - APt
WX
= X (X4 4

=X (X-2)*

for smhm% pauts

A(x-2)t=0
/X:O o X=2

(O~
Wen X=0 Y-
R AR SP A %25 +3
B
Nafue ) 0 Gl
X — — 2 7
Ay . (x-2)\- -4 O l d
aw - X0 R
shape \ - / ‘

(t3) % Q M imum.Tuo

pont

(2,5 o o poar of itlecher
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AS 1.3 Applying Calculus Skills of Differentiation

Curve Sketching

To sketch the graph of a function we need to know

e where it crosses the axes
e stationary points and nature
e what happens as x — + o0 and as X —- ©

Example
Sketch the curve y = 8x3 -3x*
b X-0KS -
§n-3%%=()
e (8-3x) =0 K |
_ P ) 8
x=0 =% (00) (Lo)
Qb 9'61/)(15 /)gz% C0,0)
N
Suhauy ponk
ORIy - gpe- s
i N
- 2x (24
for SYCMM% poT e (2-%)=0
X=0 OF X=C.
Y ok X=0 2 Y=0 | (0,0)
X2 2 F §x23- 3K 2u
- 6L |
=16 (%16)
Ndore. ,
X g o S @7 i
Pobvase 0w 0 -8
2 \ FANRAL
(0,0) b & n:si:g, ponl of nHicho / s\
(216) b G Mo TP
- _ .262 Ex 10D
¥ Croh of denved funchin g
! s unk @ notes ™
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