AS 1.1 Applying Algebraic Skills To Solve Equations

Polynomials

Expressions like
x* +3x3+5x-6
x2-4
-3m? +2m

are called polynomials

The degree of a polynomial is the value of the highest power i.e. the above
polynomials are of degree 4, 2 and 3 respectively.

The numbers in front of each x" term are called the coefficients, i.e. in the above the
coefficient of x is 5, the coefficient of m? is —3, the coefficient of m? is zero.

/__\/

Factor Theorem

f(h)=0<=>(x—-h)is afactor of f(x)

/\_/

Examples

1) Show that x — 1 is a factor of f(x) = x3 — 3x2 +3x — 1
f) = 13- 3elt4 31
S -3 +3 fay-0
-Q) SN X1 v factr

2) Isx+2afactorof f(x) =x3—2x2—x+27
() - @) 22~ (2
- 8- EHLtZ

S VA f-2) + 0
40 o X205 b a e

Exercise :- p138 Ex 7A
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AS 1.1 Applying Algebraic Skills To Solve Equations
M+ 5 = % remamdu 2.
Factorising Polynomials o =
We can attempt to fully factorise polynomials using ‘algebraic’ long division. (ll\ba” %

Example
Given that x + 1 is a factor of f(x) = x3 + 3x% — 13x — 15, factorise f(x) fully.
AL 49X -1 e—Taled e Quoheny
Al [ AT dR- 13- S
Mo+ NE
C2X el % don't e
2K+ 2X Ih melhad
-ISx-15 !\QDJ Yoihed
115 & eoser!

Ly = (xr1) (x4 251)
= (X H) (X5 )(X~3)

Alternatively we can use a process called ‘synthetic division’ to solve the same

problem.
e _ Gl fon plyand)
—| ( t 3 ~—B s
add -~ -L 15

i‘ﬁf(-i) Z*/«/\l) -5 O iemander O
L= 50 (&)

T gues ?}UDMN a kar

ansueer affer Al )
PO = () (et 2%15) 3
= (%) (x+ ) (x 3)
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AS 1.1 Applying Algebraic Skills To Solve Equations

In synthetic division we are calculating f(h) which is also the value of the remainder
(see ‘remainder theorem’), the coefficients of the quotient are also produced.

Examples

1) Show that x — 2 is a factor of f(x) = x3 — 7x + 6 and factorise f(x) fully.

mo@@ﬂ @/noal'r@msopoTOMt‘
= l 0 1 b
ol 2 L -¢€

v

W, 3 o remander O
so (x-2) 1 U

Ruks

) = (=2) (e 1X3)
= (X 2) (x+3)(x)

2) Factorise fully 2x3 + 5x2 — 28x — 15

Use. i cnd erer. o fuds of S e A5

l 2 5 -8 IS
.
JA T U |36

(x-1) & net a _(%:d_or

3 7 5 ) S )
2 5 10 enainclr () 5o X
— L a fadys

O = (x3) (2224 |\”<’r5}
= (%-2) (X S)(2X
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AS 1.1 Applying Algebraic Skills To Solve Equations

3) a) Show that (2x — 1) is a factor of f(x) = 2x3 + 5x2 —x — 1

b) Hence or otherwise, fully factorise f(x) %] LO
. . | X=7
i = —| -
) 2 c> l
i > i

- 6 2 tepanncer O
a Lo 30 M-+ DG fa'ckr

P (% ~H) (At Ex+2)
x_J

@) (X 3XH] e () 15w fodu

Exercises :- P144-150 Ex 7B, C, D

Calculating unknown coefficients

We can use the factor theorem to calculate unknown coefficients in a polynomial.

Examples
1) If (x+3)is a factor of 2x*+ 6x + px> + 4x— 15

a) Find the value of p
b) Factorise fully the polynomial

@ (xt3d % o fucr dméhrlcj Ques  remandr O
"&, 2 6 p L4 -5
6 0 % b emandy O
0 p ky Tty 920
(0) 204 X3 3% WIS = (4+3)(2x3t 3%-5) pe3

fdne 203+ 35 R @

i ’ 2 0 3 -5
2 2 5 |0 emmdr 0 S0 (X fudr

-

I G 3 XIS - p( 12 ) (x-1) (e ixes)
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AS 1.1 Applying Algebraic Skills To Solve Equations

2) Find the values of @ and b such that (x-2) and (x+4) are factors of
x*+ax® —x? +bx-8

2z | a .y D -8
l 2 20ty L &at2b t12

L a2 a3 lobb | 8aidbi

Qaee (x=2) s a fudur = 80140
WG +bt 2-0

{
.—L‘ l a "i D '8
-y -latb Nu~a>___;§§:9pzu)
i G-t ~Whs leatb-t0 l“’@(d{vhbf&
Sne (Xtl) s @ fado
= ~a-pbt 232:0
-lbab t98:0 -
Qe O 1@ -l =0
a:=5

In@® 20rbr2=0
n=-22 G=5 b==2_

Exercise :- P151 Ex 7E
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AS 1.1 Applying Algebraic Skills To Solve Equations

Using synthetic division we saw that on dividing f(x) by (x — h),
f(h) is the remainder.

Remainder Theorem

If a polynomial f(x) is divided by (x-h) then the remainder is f(h)

Proof diviscr qukﬁn\-
Consider 23+5=4, r3 => 23 —% X4+ 3,\ rcmamdu
Similarly fxX)+(x—h)y=0Q(x), R => f(x)= (x hQ(x)+R da
Hence forx = h, f(h)=(h—h)Q(x)+R d\ln&(,f guomi TaNH G
= 0xQx)+R
=R

Examples

1) Calculate the remainder when 4x3 — 7x2 + 11 is d1v1ded by x + 2 /-\/'\T/'\/"\ Cﬂ)
. & — am &O CoRTNCICn
S (R C l

€ 30 40
L -s 30 [~
& Nemander 15 -1y

2) Express f(x) = 6x* — 4x3 + 3x? + x + 8 in the form (x — 1)Q(x) + R, where
Q(x) is the quotient and R is the remainder.

I 6 -4 3 I8
& 2 5 &
S 2 5 6 | 1§
gwmn'% bt 3 Sxrb tendar
O - () (e mer sxre ) + G
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AS 1.1 Applying Algebraic Skills To Solve Equations

3) Find (4x* + 2x° - 632 +3) + (2-1) nole plam X
N

= 9(x-1) ~ ug 1 when dwd]
o e 2L =0

W~

e

2 2 -2

&l -t 3
= (k3 ) (o - x=2) b2

g ot com foder of 2 fom secend
L badet e Rt b}

S () (e xe-ox -1 ) 42
O (e 2= e43) = (x—) 6
23t pe-ox-1 remander 9

4) When f(x) = ax® — 2x? + x — 1 is divided by x — 2, the remainder is 17.
Determine the value of a.

2 a -2 i -1
x5 et Ba-é
a w2 W | &

emamdet 1§ 17
S &= 717
= 24
0= 3

—_—
—

Exercise :- P154 Ex 7F
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AS 1.1 Applying Algebraic Skills To Solve Equations

Functions From Graphs

From the graph find an expression for f(x)

Ya

VA NWE
N

> By considering the roots and another point on the graph, find the equation of
the cubic function shown.

Roobs e X= b xS XS

> K0 X-1=0 X3 :O.
so B e () (xA) (X3

o P k() (1)) m&r\%m  a

Sishite poat (0, 36) To Bind R !

3% -0 (mu)(o—l) (03
w12k
R=3
o (0 2 301 (x )
hoe [ e come mmx o xans (& mans © alanger

o e come) we gof o gl gt (ond o oL el
tader) o lha’r pownt

repectiar] o (%X
aj \/ FLU ] Exerc1>ses (11157 Ex 7G,)p159 Ex 7H
4>
TR

£

& equuhy
CUﬂ\uU& (L)
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AS 1.1 Applying Algebraic Skills To Solve Equations

Solving Polynomial Equations

A root of a polynomial function f(x) =a,x" +a, , x"" +....+a, isavalue ofx
for which f(x) = 0

Recall that in solving quadratic equations we looked to factorise the quadratic,
where possible.

e.g. Solve x*-2x-8=0
(%-6) (xt 2)-0
K=l o X=-2

The solutions are 'E l|, GM X= -2
Sox= Ll- and x = -) are the roots of the equation

In solving polynomial equations we do the same thing i.e. factorise the
polynomial.

Example

Solve ¥*-4x>+x+6=0

Tal ad emr - R fde of & A1 22 X3¢
'\ I T YA z" | -G ()
| -3 -2 2 U -
AN |2 =3 0

Mmauncer b oso, emnancer O so
(x-) 1 not a fockr ) s G R

A3 KD = (X2) (% 2x =)
- (%) (x=3) (xt1)
<SD[U€ M3 AL 4446 = O
(%) (%-3)(xt1)=0
K=2 x=3 K=l

Exercise :- P163 Ex 71
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Unit 2 AS 1.1 Applying Algebraic Skills To Solve Equations

2. Solve x*(x+3)=2x+3x* —x°

X3t XY 4+ /)(3.-3.»)()._,2/9( =0 @
;X (XY + 33 X -3%-2) =0
[t S S SR
@ fconse wiy al and- e
i I’i 3 0 3 2
i b5 2 |
= emainde 0
R f-1) s (1 frcr

K (K= (M e 5Kt 2) =0 |
R Rusi oy il 0 o Q4N

i TS ("'X—l\ s ot ¢ fader
-\ '\ L 5 2
| 3' i 'ZO emaindgs 0 X

(xH ) a fodw

X (%-1) (xv1) (et 3x42) =0
K (%) (xrt) (Ox2) (xH) =0

/X;O X = l) t')("‘j 'lx:"z :

Exercise :- P163 Ex 71
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Unit 2 AS 1.1 Applying Algebraic Skills To Solve Equations

Finding Where a Polynomial Cuts the x and v axes

Cutsx -axis puty=0
Cutsy-axis putx=0

Example
y=x"+3x" -13x-15
Find the points where the curve cuts the x and y axes.

(W roxss ye0
A 3E-15K 15 =0

Facionse
' | 3 B IS
. L4 |
1 L, —q -2 (x-1) 15 ot fcler
-1 I3 -8B IS
‘ 12 5
‘ 2 A5 1 0 emndr O
Al s a fade

A3 335 = () (Nt 2%-1S)
= (AH) (xt5) (x=3)
QB oKy (xH) (xr5 ) (x-3) U
K==l K= -5, X=3
pank  (+10) (5,0 (30)

'&: -5 il (6, 15)

P157 Ex7G
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AS 1.1 Applying Algebraic Skills To Solve Equations

Determining Points of Intersection on a Graphed Polynomial

Example

Determine the coordinates of the points at which the line y = 2x + 5 intersects the
graph of y = x3 — 17x — 25.

<7

b of Wnlesechad = solve Simullanesly
A-TIX=2S = xS

y=x3—-17x—25

> -19x =30 =0
Fodony
5 I l G ~(q -30
5 25 30
\ 5 G 0 Nemunder O
O (X5 )é& a
. Ko
A5 19x -0 =0

(&5 )(x2t 5xt+6) =0
(-5 ) (xv2) (x+3) =0
=5 K-l x=-83
Find Y Q-0 Wiy Y= 2XtS
X=5 X=2 =3
g B Y- | Y-l
(«b_dz_ Ci) @J)Exercise :-P165 Ex 7J
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AS 1.1 Applying Algebraic Skills To Solve Equations

The Quadratic Formula

Ifax*+bx+c=0

~b++b* —4ac

2a

then x=

For ax* + bx + ¢ = 0 the values of x are called the roots of the equation.

It is clear that b? - 4ac affects what types roots we get

The Discriminant
For a quadratic equation ax’+bx+c=0

b? - 4ac is called the discriminant

If b? -dac > 0 then there are 2wl dehack ook

nee if bl v e v b e houd ’i@

If b - dac = 0 then there are Q]\'ja[ wob (o che i o)
If b - 4ac <0 then there are no el oob

Note also -

For real roots - bl %0

Example

Determine the value(s) of k such that the equation 3x2 + kx + 3 = 0 has equal roots.

a=3 bR (=3
gl 06 b-tac =0

be-ix 3x3 =0
k= 36
R £

P168 Ex 7K Q1,2

TR (s gy
y AS .3 Y

Cfe Higher Maths Unit 2 Relationships and Calculus , ,
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AS 1.1 Applying Algebraic Skills To Solve Equations

Using the Discriminant

Examples

1) Determine the range of values of k for which x? + kx — k = 0 has
(a) real roots (b) no real roots

a=1 b=k C=-b
@ Real Toob b=-tac 2 0
Rt Gxix(-k) 2
Vel o 1k
Quodaie nepiahly <> shkh gaph . y= kUK

R4+ W >0 \ o
5 pe-Lu k20 \ lc/\ =k
S

0

) e gl mob b=loc <O
ﬁcm ik €O

ﬂmm <R <O

2) Show that the roots of the equation x2 + kx — 2k — 4 = 0 are always real.

a=1 b=k c=(-2-u)
he-tal = k- lxdx (2~
= ket |

(bu) \
- 7/@8(1)1 — Wh&m% e

s b are dugs el

P168 Ex 7K Q4-10
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AS 1.1 Applying Algebraic Skills To Solve Equations

Intersection of a Parabola and a Straight Line % ﬂﬁ d m':) OP
A straight line and a parabola can m "Q&U}(]) SONQ_
(1) Intersect at two distinct points (?Vu‘h(’ns ‘S‘mOImmugjj
hoo duhct rcoh
(Solohus
(ii) Not intersect

o Solohos.

\// = g uadahe g

(1i1) Intersect at one point only i.e. line is a tangent at that point

\,ZL\ fDOJE
uuj g Solohen

X T poe tar a e 8 a lagr b a
parmbole  Soloe. e eyuahcng simoltaneasl, ly an(
S ok o g kgl ook

Cfe Higher Maths Unit 2 Relationships and Calculus LAY



AS 1.1 Applying Algebraic Skills To Solve Equations

Examples

1) Prove that y=2x—1 is a tangent to the parabola y = x* and find the
point of intersection.

Solve = I

( : /)(2‘
=2 o= x|
XE=2xFl =0
(%=1)(x-1) =0
X~

EZ\M b 0 e oo langeat
Mﬂ of Wnferechy A=1 9 y:g@

(1)

2) If y=mx -9 is the equation of a tangent to the curve with equation

y =x’ +x-5, determine the value of m, given m > 0.
fongent = epuel Tooh
gméoive v NHX- 5= mx-9
XX M1 =0 ‘
At (Fm)Xre=0 - (¥
b-lacOftr apal W Here q= 1, b= (M) =
so  (lF-m)-Ux =0
| = 2M+me- b =0
me-2m-IS =0
(m-5)(mi3) =0
m=5 o m=-3
She m>0 = m=5
I @) A(&—(mLL:o
(x-2)[%2)=0
X=L
= J 2P pawt (2,1)
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AS 1.1 Applying Algebraic Skills To Solve Equations

Approximate Roots

If a root of f(x) is not rational we can find an approximate value by a process called
iteration.

f(x) must have a root between two values of x if f(x) is +ve for one value and —ve for

the other value i.e. the graph must cross the x-axis between
these two points somewhere. y=fx)

fx) pikive

P%O)m

We use this idea over and over again to find an approximation for the root to a given
degree of accuracy.

ol
)0

Example

1. Show that f(x) = x* -4x* -2x +7 has a real root between 1 and 2 and find this root to
decimal places.

A fo) od F2) and s i thae s o change of Sy

P(:i)-" 1-G-247 =) (Slh\)e Chan O(\\S; L0 1ot
() 8-16-4r1=-5 '\ﬂgahw j lies %w@/z%and 2

¥ Ur  alolar  yede 3 - Table
() = A we ulpha

(in reu)
= Sl |
= end 2
| =Skep 01 repat
Y= 0568 Q1Y -0./62 =2 YOF Dowesn 12 and 13

\AQ\ o Re?awr Surt 12 end 13 skp 00/ | N
(121)= 0.0%7  P(1L.B8) =~0.0l¢ 9 ook ol 127 and |1 28

paat = sl 127 end 128 skep 0.001
FLZT) = 85x10% P29 ~1x1073 o ok boluew 127 and s
Qob & 128 (1o 2dp)
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AS 1.1 Applying Algebraic Skills To Solve Equations

2. The line y = 2x + 2 intersects the curve y = x*-5x2 -3x+1 between x=5 and x=6.Find
the x-coordinate (to 2 d.p.) of this point of intersection.

owt of ke = s Smulfznecwy
N353t = A2
AS-5XE-5X -] =0
lef FIK) = A 50 -5% -

P(?) = % j cruge of gL S0 qmk S belwewi
f(6) = 5 X=5 and X=6
C(58)- 308
F(5.9)- 0.8
P(587) -0.31
P58 )= 0.025( .

j ol belween 58 an SQ
j (honge of S oot belweer.
587 and S5.&

F(5.874) = 0.0l

| ' ‘IP Sl
Fsse0)- 0.05. j Chmge 0% Sy

b & 58 (R 2dp)

~

Q\Cl Mx ‘

Exercise:- HHM Pg 138 Ex 7J
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