AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

Graphing Functions

When sketching functions we should remember to

e Use neatly drawn and labelled axes.
e Label the function with its name.

¢ Focus on key points e.g. intercepts, turning points giving their coordinates
whenever possible.

Examples

Make a neat sketch of the following functions.

@) f(x) =2x-5 (b) f(x)=x2—14
Y x5 R
S e .YGC\KQ_YWJZ j parbola  +X* U
et (03 QU AN A =0
U ac-oms ~y=0 = T
S0 K=3) |
2 (30) | |
- Cub Y=ok A=0 ==
A}b , B
/34%5 } [y=X~U
5 N -\\ /z 17X
-5

Using function notation, find an additional point on each graph.

@ fx)=2x-5 (b) flx)=x*—4
IX:Z_ % K= l
£Q) »2-5 Pl -4
= l-l‘s = ‘—l_)

== (2,9) = (1,3)
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AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

Transformations of Functions

For the graph of a function y = f ( x ) the following are the results of transformations

y=f(x)+a moves y = f ( x ) vertically up fora>0
fi e et Down fora <0
(0d g fo cach g ool
y=f(x+a) moves y = f ( x ) horizontally to the left fora >0
‘V\ blﬂd«d& / \ /\/\/—VW‘%\‘ To the right fora<0
wlh e X cidinges St a € K -0l
(gogci?g’ggds -—f(X) reflects y = f( x ) in the x — axis
W“LB,,}QM Mgt &) -0ds  chonge. gn
y=f(-x) reflects y = f ( x ) in the y — axis

AN - ' in s
X Ol Chcige Sign
y=kf(x) stretch or compress y = f ( x ) vertically stretch for k > 1

th‘hﬂ}j Qlth \\j Q-0 b& b Compress for k<1

y =f (kx) stretch or compress y=f(x) horizontally compress for k > 1
. Stretch fork <1
Nt ech A cood by b
Example
Given the graph y = f(x) as shown, sketch and annotate on separate diagrams
a) y=f(-x)
b) y=f(x)+4
¢) y=1(x-2)
d) y=2-1(x)
y
A
(-2,6)
y=f(x)
/ 5 > X

(2.-4)

Cfe Higher Maths Unit 1 Expressions and Functions 2



AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

@ Y- f=x Rediun 1 4y ~anc (-2 6 > (24)
C.hmc;; SIgL | > (=24

of X Co-ogh
¥ MarL O Mo
O0gs OP
Gn) guien pons
\7/ g mm pwhaq eliive 1T O
CLtl { e omes 1S coedt

Z\

= P4
b9 3*\mow up b > ad @ N Ot
(-2,¢) = (2,1) (2, -1)=> (2,0)
@, _
7‘\ / y=flah
7 ,(w) 2\
) Y FUx«z)

sl goph 2 pues b g = add 2 o x-coom,
C*ze) = (0,6) (24:) > (4~4)

A\ NIV

AN IV

(44)
i o, A
@y 2w o
=—fIx| +2 >
N reflechig U) X -CUXIS f 2 X
ww\ | 2 lB & CO-Ca . U ;! \
(—2,6 ) <2 &Uz[ )E) 5 il - J (,11,\0 P58 Ex 3A
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AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

Revision of Quadratics

Of form f(x) = ax* + bx + ¢, a#0

Graph is a parabola
+/Xl ' ifa>0 minimum
~N
ifa<0 maximum
Sketching Quadratics
Example
Sk:tchy=5—4x-x2 —x? //\ WPL : g
. -4
('Ub XS M M: 0 e M
5% -0 J
2R HIX-5 -0
(xt+5) (x-1) =0
"/X"b /x; I /_S \
s YrOws PO Y=b N

=

ol U 5=y - ()
J > 518
= q (-2,4)

YR -
o TP A= -—SH e () W’% \JJMGTJCL
= ‘Z
.
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AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

Completing the square

Consider y=x>
y=x*+1 UV mn TP (O} |)
y =22 g o mm TP (00
e PR T LA
y=(x+3)*+4 y o mate [13)

UoommTe (-34)

In fact for y = a(x+p)? + q the turning point is (-p,q) and the axis
of symmetryisx=-p

It is therefore very helpful to write quadratics of the form y = ax* + bx + ¢ in the form
y=a(x+p)*+q

This is called “Completing the Square”
Examples
1) Write x* + 8x + 3 in the form (x+p) >+ q
MHEXES
SR
S xl) -

2) Write y=4 +x - x* in the form y = a(x+p) >+ q
Y X
=Y
== (W) 4
<= (2= ()1
= = (X-3) U
- it
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AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

3) Write 2x? -12x + 23 in the form a(x+p) * + q and hence sketch
y =2x2-12x+23

Y 2IXEB = 2 (R-6a)+ B
F2((x3)-(3p) B
= 2(%3F- 181 B
Y72 (x3)4 5
e Vo omn T (3,5)
O oS X0 Y=13.

\°

23

Y7 2k R

(35)

27X

4) (a) Write f(x) =9 + 4x + 2x? inthe form p + q(x + 7)?

(b) Hence state the maximum value of

@ PO - Qrumt
- el g
= (04 2x) Y
=2 (G- v
= 2 (xH ) 4T \J sha. mimmun
ve 7

ol hos st vale 1 - o
THuxt ¢ 7 |

9+4x+2x2

P60 Ex 3B, p65 Ex3C
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AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

Solving Quadratic Inequations

We solve quadratic inequations by looking at the graph of an appropriate quadratric.

Examples

1) Solve 5x*-18x-8<0

Qo Y= 5R-a-y X pabde.

Qb A0y 320 9 ”XL—IK'K—SO AY
o (x42) (-1} 0
N= 'l or X=(
b g-oxg ’XOJ -8 .y
ST TS \uman pon. \/
e wun  5ne- §x-§ <0 ) ’

T YO e gmpl bl A-an

————

3\

: CXCL e nowdd end Veles
a <0
2) Solve 12-5x—-2x* <0

Amdr e L-9%-2% (=) padbls A\

\u ii\J

QU XGXB 0 w
T &iz—bo(—zw:o \
2%+ SA-IL=0 iL
(2x- 5)(’><tu)
X=3 0r X, I E "
Cob 90/)(5 /X=0 )H,L

e wan [2-5%-)xe (O Exercise :- p168 Ex 7K Q3
¢ XS-0La X gﬂpk %Xl
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AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

Graphs of Inverse Functions

To find the graph y = f' (x) we reflect the graph y = f(x) in the line y = x
3 N

A y=x

Y FA)

Exponential Functions

f(x)=a", x € R is called an exponential function to the base a, a € R, a>0, a#l

ot chn
e.g. f(x) =27 is an exponential function to the base 2 azi J Qhaf'}-l

) y- 2x Ocael  \— Shag
y-G)"*
L) Y

© ©) gy
| =5 X

v
>

mp)xd &ﬁk} Clier

MO Dur \Wﬂ‘

Toudiy
For an exponential function f(x) =a" the graph y = f(x) passes through (0,1)

and (1,a)
f(0)=a’=1forallae R . X LEALN
f(1)=a' =aforallae R | ¥

It never touches the x-axis since for x — —o, a* — 0 but never equals 0
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AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

Logarithmic Functions

The inverse function of f(x) =a"* is called the logarithmic function to base a
written log , x

If f(x)=a" thenf ' (x)=log, x
If f(x)=log, xthenf '(x)=a"

It follows, by considering exponential graphs that for f(x) = log , x the graph y =
f(x) will look like this. (Exponential reflected in line y = x)

yﬂ
7 = logan
@b o Y
L oo closel” .
: u@r\s yow) © /o)
oSt ich S,

For a legarithmic function f(x) = log , x the graph goes through (1,0) and (a,1)

log,1=0foralla e R & LEAEM

log,a=1forallae R

The graph never touches the y-axis.

Examples

1) Sketch and annotate the graphs of y=5" and y = 7" on the same diagram.
a* gop. s .
BB 5 e gt (0)) and (1)
i g Thm (0,)) onc (47
( 9' 9:‘5'&

72X
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AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

2) Sketch and annotate the graphs of y = log, x and log, x on the same diagram
Iog Gup 7~ shop | |
U bgex  ges thage (L0 o (1)
Gologex g% g (L o) o (61)

# - g

)
%‘ g
/ ‘ M

3) Identify the graphs below

A
J(l,lz) CA)
1 /

) shop > e [ sh = 19
Thgr pow - (1 '19 - lgex

Q=L pmn} (‘g 1)

U= 12X | o= CI
_/I o
5 " IE

[ :QL - 2X.
pont (24 OIu 4y 3

Cfe Higher Maths Unit 1 Expressions and Functions
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AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

Exponential and Logarithmic Transformations

As with others —— - —

y=a' through ( 0,1) and ( 1,a) and
y=log  x through (1,0) and (a,1)

Remember

(1) (i1,1)

/ s

=) ol /(i .

Examples

1) Find the value of a and b in graph of y=a"*+ b shown

YA 2.11) k9: a’)(+b
Cc’;l) =? (UJS)
2 | 7 ® b2
0 ¢ Sushlok  (0,3)
3= Q°tb
3= 14
. b=2.
Aso poni (211) !
sk s 0t N
whh b= a4 % ys 3HL
az=3
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Unit 1 AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

2) Sketchy=2%-1

y &: 2%4 8: 20& (9Gt‘.S m%h (O:l) (\II-)

A : 2&—(
8 R sobirad 1 fem J Qo

) (0,1)» (0,0)

CI)Z') 2 (l/ l)

RN hicuh (o) (iu)

‘ G5 =
71 ) Yl (A%L) Hle—add oy (Cg;fpﬁ
B (2) Q2T X QDS (g vy

e — (0,) = (22)
(L4 = (3,5)

@b yoxs when X=0

= A
Y- bH

b

v
-

4) Sketch y = 3%

g:BX (9&5 [hizugh (,OJI) U,‘S)

9:.5Lx+l M 2xel =0 y = \
y 4 S G poat (-2, l)
Wen XH <1 y=3
_//’ 0;5) x=0 (O) s)'
— ("5)") > X
o i\ = BQXH
T T L gxr)
(3 /-v—v‘\/'m
halﬁhen Sobheck
frm x @-cay
P69 Ex 3D Question 3
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Unit 1 AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

5) Sketch y=logy(x + 2)
Y

A

/

-?-i T

|

2

6) Sketch y=log,;x” +3

v)

Y= kgex g thowgh
I (L0) (41)
| e loga(xi2) logy, (x12)
| (1) y 9= R sublect 2
| . fom x oo
S o) = (-0) (smﬂ)

(—Z‘

L) = @)

9 2 “.{95 Xt 3
2'\08.5%&

hibe Y= i%sy
(,0) = (1,0) 5 (1,3)
(51)=> (5 - (S,9

\j ‘%Lb
(up 3)

7) What is the equation of the graph shown.

V4

[ shog = 159, gegh

(,0) = (uo0)
t3 0 X coorck

¥ Y= lga(x3

Suizhivke (10,1
1= 1Ya (103
| = ug(, 7

t?yuhu\ Yk lsg (x-3 )

p73 Ex 3D Questions 3 to 5

Cfe Higher Maths Unit 1 Expressions and Functions
13



AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

Trigonometric Functions and Graphs

Reminder
y R y (0%
? f\j: _Sml)( 4 H
{ t C 17
‘ 50 .7.7") MZ\cO s i .
o @ > o a\ W® /e 3w
-4 -~
Yy
A \ﬁ
| = lanx
| : Y |
I
. I
. | 360
T - T » X
O ' i80 |
|
l
| 1
|
Recall transformations y = asinbx + ¢ a — amplitude
Period = 360/b (b waves in 360)
Moved ¢ vertically

NS Up

Also now for y = asin(x+d) + ¢ o duwn as above for a and ¢

moved d to left for d>0
moved d to right for d<0
Example - W }L ﬂgh F
1) Sketchy=3sin(x-30°+4, 0<x <360 mx 3t§ Min --3r§1
. 2 - -
3 el up /
439

b / N

\ 4 \4/
L L
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AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

2) Given f(x) = 2sin(3x — 60)° + 5 where 0 < x < 120, sketch the graph and

find the greatest and least values of f(x) and the values of x for which they
occur.

0= oS (3x-p0)r 5 < B

X - = 25 e angle = Qv
e ) Z gtxveo:qo
3x=1%0
= 50"

o DA =25 Wl ame = 2w

min 0N A w@x%:zvo

| = 1L0°
" x=0 3

M- pnbeys  7F /’\
- 33
5

1 i 1 - —
B 50 60 590  uo

> X

3) Given f(x) =4 — 3cos (x + g) where 0 < x < 2 find the greatest value of
f (x) and the value of x at which it occurs.

PN = = 3aes (x+ ) +4
o 344 Wan  onge =T

=7 /x+-15r =T
x= 2
3
mn 344 WL angla =0 o 2
= | XYL = 0 OF 2
X= O
D

P77 Ex 3F

Cfe Higher Maths Unit 1 Expressions and Functions
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AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

Graph of the Derived Function

Suppose for a function f (x) the graph looks like this

v=70

IN@E

e
IR

RN

Fldo

y /) Pl

v

Ry
t(b)-0

with stationary points at (a, f(a)) , (b, f(b)) , (c, f(c))
We know then that f'(a) =0 ¥ S]Zm(naq pLhnk

And f'(b)=0 \ _

And f(¢)=0 [y 3'%’()
| | becume. Zemy
i.e. the graph of f '(x) crosses the x-axisatx =a, x=b, x=c O 9 (:((,/‘()

What about before, between and after these points ?

From the graph of f(x) we see that f '(x) > 0 for x <a (since increasing)

And f'(x) < 0 for a<x<b (since decreasing)
And f '(x) > 0 for b<x<c (since increasing)
And f'(x) > 0 for x > ¢ (since increasing )

So graph of f'(x) looks like this

X
\__/

Cfe Higher Maths Unit 1 Expressions and Functions
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AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

Note

If f(x) is a quadratic (parabola) then f '(x) will be linear (straight line)

If f(x) is a cubic then f '(x) will be a quadratic

Example

For the cubic function shown sketch the graph of the derived function.

£9

(3, 6)

TRl
IX-GUXiy

> X

P,78Ex3G

Cfe Higher Maths Unit 1 Expressions and Functions
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AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

Functions and Graphs

Set Notation

€ means ‘ belongs to’
¢ means ‘does not belong to’
{ }or ¢ means the ‘empty set’ (no elements in it)

c means subset

eg 2¢€e {2468}
3 ¢ {2468}
The set of even prime numbers bigger than 2 is { }
{48} < {2,4,6,8}

Some Standard Sets

Set of Natural Numbers N ={1,2,34,....... }

Set of Whole Numbers W = {0,1,2,3,....}

Set of Integers Z=1{..,-2,-1,0,1,2,3,....}

Set of Rational Numbers Q = {all numbers which can be written as a fraction}

Set of Real Numbers R = {all numbers rational and irrational}

Set Builder Notation

We can define sets efficiently using set builder notation
e.g. {2,3,4,5,6,....,20} can be defined by {x : 2 < x < 20,x e W}

o rew 2]

—

Examples

1) Listtheset A= {x:x<10,x e N}
2) Write in set builder notation the set B = { -3,-2,-1,0,1,2}

b- {/xez b3 \CZK

Cfe Higher Maths Unit 1 Expressions and Functions
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AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

Functions

A function (or mapping) from set P to set Q is a rule that links each element in set P
with one and only one element in set Q.

The set of elements in P (the start) is called the domain
The set of elements they go to in Q (the finish) is called the range

Domain Range

Represents a function f

Domain Range

Does not represent a function f since one element in the domain goes to two
different elements in the range.

Cfe Higher Maths Unit 1 Expressions and Functions
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AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

Example

[llustrate and state the range of the following functions ( use set builder notation)

@ fx)=x2—4x+3 (b) f(x) =sinx°, 0<x<360
(uapn Y= (%= 3) (X'\) 9= SiNx

W . ( '
MV 3
Xx=2 /\ .
\ / § Y= W8 30 . x
W . »IU& 2R = - \/

o) o

(e [YeR 2y 2=l g hde {862 : "‘3‘('}‘

Remember : For any function, each element in the Domain must link to ONE
element in the Range.

Therefore, we cannot allow our Domain to contain values for which there would be
no defined image in the Range.

Notably, our function must not be asked to  (a) divide by zero
(b) square root a negative

because there would be no defined output.

Example

Write down any restrictions on the domain of the following functions and hence
state the largest suitable domains.

(@) f(x) = —— Of ) =/x+Dx-2)

x2-3x+2

o cavt hawe 2o or bobem o Racheo
D ONE3IF 270

(x-2)(%-1) 0 | R
-‘ amest Sutabe demain
N4 2 and X+ f/xfk?’X#z,lj_
/WVWW\
s (xh)(x-2) >0 . \@uuddic iepuun > SKEQL gagh
X SH axr2
~>X P85 Ex 4A

ICUQZN SUﬂ‘OW dum“ n Cfe Higher Maths Unit 1 Expressions and Functions
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AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

Composite Functions

Supposing we do two functions f and g one after the other on a domain A.

A B C

hin) & e Sang
os dowg fIA) folluaed
by 900
e k.
'nUx)'-Lg(-x))

|

Then we say that h is a composite function and h(x) = g(f(x))

(goffofx)
In general f(g(x)) = g(f(x)) OR&E P%R}S’\m
f( d%u maurb m
Examples

1) f(x)=x+3 and g(x) = x?

a) Find an expression for h(x) = g(f(x)) and evaluate h(4)
b) Find an expression for k(x) = f(g(x)) and evaluate k(-2)

@  hiN: g(FI)
- § (x4 3)
= ({)(*’6)1

h(u)= (L+3)
= I
.:hq
bl bN- H(gW¥)
:JP(MLJ
TR
k(-2)- szs

Cfe Higher Maths Unit 1 Expressions and Functions
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AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

2) The functions f and g defined on suitable domains are given by

fi(x) =

1 7 and g(x) =2x + 1

X -

a) Find an expression for h(x) = g(f(x)). Give your answer as a single
fraction.

b) State a suitable domain for h.

hix) = g(Fix)
"9 (24

. L)

Z 4]

M-

¢ X

A~ -y

hiy - X2
-4

\y

ti

b)  (wt hae weo o bulm of fuch

X # 0
AR ) venemizr o cien
NT22 Wien. spase yeehvg

domain [’_XGR : /)(%'.*ZI.

P87 Ex 4B

Cfe Higher Maths Unit 1 Expressions and Functions
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AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

One-to-One Correspondence

A one-to-one correspondence occurs when a function is such that every value x in the
domain relates to a different value in the range.

exactly o excty ot
%cm cmz%n o

eam%nl each. pLW

Domain Range

i.e. If f(x) is a one-to-one correspondence then X =x, f(x)=f(x,)

e.g. f(x) = x? is not a one-to-one correspondence since f(-2) =4 = f(2)

Cfe Higher Maths Unit 1 Expressions and Functions
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AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

Inverse of a Function

When a function is a one-to-one correspondence from set A to set B then an inverse
function exists from B to A that ‘undoes’ function f.

We call this the inverse of f and write it as '

In this case f'fx)=x=ff"(x))

f(g(x)) =x < fand g are inverse functions of each other

Examples Determine the inverse functions in questions 1-4 below, where they exist

) fx)=x+3 P SJ’W) hen  x= 'P"(Lj)

= NS i Oy b
%( e ) chinge 30pec T
Py~ g3
| P-L(x) - %3
2) gx)=7 It \\J: SUD e /.X:‘ﬂn\(«g)
b 3

X Z.;o )
.\(L = ‘L
(%fz/xi %X
DIOTHED ety % Y
Y= 2Ax3)
2= %2 P X3
x= 43 =

Cfe Higher Maths Unit 1 Expressions and Functions
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AS 1.3 Applying Algebraic and Trigonometric Skills to Functions

4) g =x 4 F o y=9W t x=g"W
Y=y
&w N3
A= 3] Uty
g W)= =g
(9"({/{) = 3'\’ L"
5) A function is defined as f(x) = g+3. Determine a formula for f7'(x), the

inverse function, and hence evaluate f'(1). State a suitable domain for

[ if \9:{3[/)9 then Xz P'(((:»
2

Y= %
45 %
xU3)-2 - &
X = = —|
pH ‘Hi_ comain {IXGR-‘X%‘{{
U’j - \j -3 .

Fiw) -

-
X3

6) The functions f and g are defined on suitable domains by f(x) = logs x and
g(x) = 9x*.
Find an expression for the function h(x) = f ( g (x)) expressing your answer
in the form h(x) = A + Blog; x.

K = F(gi)
=4 (4xy)
= l%sq&q
= logs 9+ logaxy
= logs 3+ Uogsx
2%31’ (Llcgg’)(
= 2+ U%X

P89 Ex 4C, p91 Ex4D
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