Advanced Higher Maths : Unit 3
1.2 Applying Algebraic and Geometric Skills to Vectors

VECTORS

Recall

1)

2)

3)

4)

5)

6)

7

8)

X
Position vector of a point P(x,y,z) is OP = p=|y
zZ

atb=b+a
(a+b) +c=a+(btc)
0
ato=o0+ta=a o zero vector= | 0
0
— . N
AB = b
Negative of a vector a+t(-a)=o a=

Multiplication by a scalar

for a non-zero vector, k non-zero number

(i)  |kae|=K|g|
(11) If k>0, ka is parallel to a, same sense
(i) If k<0, ka isparallel to a, opposite sense

Unit Vectors — vectors with magnitude 1

| &
I
- O O

1 0
i=0 j=|1
0 0

and P (x,y,z)then p =xi +yj +zk

The unit vector in the direction of vector p is given by

Ewm
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9) Magnitude of a vector

then| a | =V (x*+y*+2%)

I
]
N &

A(x,,y,,2,)andB(X5,¥5,Z5)

_

| 4B|=N(x —x P+(y,-yF+(@ -2? (4B -b-a)

10) Scalar ( Dot) Product

qa
b =| a|| b|cos
& .
b

Q

a, b,
a= |4, b=|b,
ay b,

1

.b =ab +a,b, +a,b,

Maths in Action Book 3 Page 44 Exercise 1 Questions1,3,4,7,8,10,11

CR p 2l Exeuse 191
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Vector Product ( Cross Product)

The vector product of two vectors @ and b is a vector denoted by ax b (a cross b)

and defined by //_\/—\/v—\/\.\

a xb=|al|b|sinf n )

where 6 is the angle between the positive directions of a and b and » is the unit
vector perpendicular to the plane defined by a and b (» is a normal to the plane)

AN Axdp guws a veclu
meadicolar 7
& b a and b

* \mperiant -

phdny e of

0 pllne
(s lcler)

a x b hasmagnitude | a || b|siné

has direction perpendicular to& a and b

has sense determined by ‘right hand rule’

i.e. on right hand hold thumb ( »n) perpendicular to fore finger (@) and middle
finger (b ). Rotation of a on to b results in an anti-clockwise rotation of n
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Rules for Vector Product

is a vector perpendicular to ¢ and 5

< a isparallelto b oreithera =0 orb =0

Ly sng sno=0 2 €0 r ogebcn a

=
>
~
|
| &~
|~
>
&
Il
1o~

(clocﬁ(wise)

| &=

" jxi=-k Xj =-i

(anti-clockwise so negative sense)

Vector Product in Component Form

If a=|a,

For easy evaluation use determinant of 3 x 3 matrix

kxi=

then

J

b » 20

i jk
a xb=\aa,a,
b,b,b,

« Qi vecke
& ol vedu

% laam.

g
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2 (1 S
e.g. [3 } X [—2] . YA D) ~ & mST VC(“JU‘
-8 L2 3| & prond Ve

I B RS AR
(93 6-) Y h (=)
S Te =T T

Examples
1) P(O’Sal) Q(3’251) R(_zas’-?’)

Calculate ITQ x PR
W s g -p = -p

i

=L (o) (0)i k(0
Led 1y —bk
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2) Find a unit vector perpendicular to both @ =2i+ j -k and b=i—j+2k

veckr parwd\w\ar% a oo b s gxb
axbh = J

]

Tips for success

- o Rd o veder prdiclr b o oM
fd 4o o pred uc

g o it v dnd e Migniude
of g vece and (e oy 1T

Maths in Action Book 3 Page 52 Exercise 4 Questions 1(a), (b) , 2(a), (b), 3,5,

6(a), 8(a), 14(a)

(R g6 YB3
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Scalar Triple Product

If a,b and c are vectorsthen a.(bx c¢)is a scalar and is called a scalar
triple product

It can be shown that

Examples

Given a=i—j+k
b=2i+3j+4k
c=3i-2j+k
d=-2i+j+3k

Verify that  a.(bx(c+d)) =a.(bxc)+a.(bxd)

S Crd = L)tk
o = a-(px (crd)

= l \ "'l |
L 3 U
L4
A0 (e (&) + ‘\(~z~3j
- Ity 5

S )
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=z l "l ‘
RS a.(bxg) ],L 5 u)
3 -2 |
S 1(318)4 ({24 1 (-4)

= Ji-10 -8

|
v
213
< 1(a-y 1 [648) + 1 (216)
=S5+ 14
= 27

S Rk = ~%27
=S

= (S Hencg_ MesSult |

Wb 0. 0xe) gue e wune of o paalkopixd §f—7/

Note
e a .(b xc)isanumber
e the dot and cross are interchangeable a . (b x ¢)=(a x b). ¢
o Ifanyof @ ,borc iszerothen a.(bxc)=0
e Ifanytwoof a , b or c areparallelthen a .(b x¢) isO.
Maths in Action Book 3 Page 55 Exercise 5 Questions 1, 3,4,7 C@Q ‘) 'DK‘B E X ISJ
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The Equation Of A Line

A straight line in direction of vectord passing through the point A with position
vector a

There are three ways we can write the equation of a line

a) If P is any point on the line then

To W 4 epuohy
of o e 3D we
l\md R
> oL ponf oL e (i
S mmﬁﬁ |
valkient-

9

p=a+td (t a scalar)

This is called the vector equation of the line.

1

d
b) If A is point (al,az,a3) and d =|d, | and P isany point (x,y,z) then
d

3

x=a, +td,
y=a,+td,
z=a, +td,

These are called the parametric equations of the line.

p2x
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c) If we eliminate the parameter t we get Um‘) n 10
Pl P

x—a, _y—-a, z-—a,

SR (=t)

d, d, d,

This is called the equation of the line in symmetrical form.

R difechy tecke on boliem

Note If one of the components of the direction vector is zero we do not write the line

in symmetric form — use parametric equations instead.

Examples

1) Find the equation of the line joining A(1,0,2) and B(2,1,0) in all three forms.

direchn of lw g = AR

=h

-—

-—

LR o)
[ I -2

D-d

—

2

) (
Y

~vC

)

ZQ
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2) Find the symmetrical form of the equation through the point (6,3,-5)

4
(1) in direction [— 8]
7

(i)  parallel to line x_y-10_z+8
3 -2 13

Tips for success

= SN any pom{ o e e o be e
Hoe cle on inbinke Numler of s of Wty
noampe( § we ued poant & insked
ﬁfﬂ’ﬂhb’) 5 XL -yt = 2
| { 2. | |
. ok fro bottom numes (d rechn WO @id be T
0 Slor molhpg of these ai -
pus EXISe
Maths in Action Book 3 Page 52 Exercise 9A Questions 1(a), (b) , 2(a), (b) , 3 (a), @@l’
(c),(e),6 @ @")
S | 3 (@l
> f dredhon wlur hes o 2o W”\W"é R %5)
povenC foan ard ok Sumemc m 8 X, A

\'\O
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The Equation of a Plane

Suppose a point P with position vector r lies in the plane IT which passes through
fixed point A, with position vector a, and that # and v are two non-parallel vectors
in the plane then

If r

NI

Ifvector n=|b

- “ . . A '
P % W veckes, GL plone
r=a+Au+ uv (where A, uare scalars)

This is the vector equation of a plane

a U Vi
a=\a, u=\u, v=_v, then
as Uy V3

X =a,+Au, + v,
y=a,+Au, + uv,
z=a,+Au, + pv,

These are the parametric equations of the plane

a

c

in the plane, then

e to fing, the
& a
plone

a‘[;fmm

is a normal to the plane i.e. perpendicular to every vector which lies

n.Tz

n(r-a)=0
X - G = ponkon pane
% o N o= nomg vedis

Since n.r =ax+by+cz and »n.g =aa,+ba, +ca,=k it gives rise to

ax+by+ecz=k

This is called the Cartesian Equation of the plane.

LIJUL% oL this R

o
"“‘3@‘3@
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A plane in space can be uniquely defined if

1. Three points on the plane are known
2. Two lines on the plane are known

3. One point on the plane and a normal to the plane are known
4.

Example

1) Find the equation of the plane passing through A(3,-2,0) B(2,0,3) and
C(1,-1,1) in

(1) vector form

(i1) parametric form
(1)  Cartesian form

e | A
oo (3 2 (d) <y
0 \ ~
: . ) L [t v - )
ol o ke W oplae @ o= AR (i) v= AC (\l J

gne Y ond voore non -paadel
P= a4 AU tpy

v (3paE)p(t) -

. - A X= 3/\,
My Sne I - (g) . # }j;’l'f/Z/z\NfM

z: 3AtH

, T enl P AR A?(:i
Tnd nommul veckr A\SK R
Hnd \“ . | (-2.3) = (}l're)'f k(- +)

.
J
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2) Find the Cartesian equation of the plane through (-1,2,3) containing direction
vectors 8i+5j+k and —4i+51'+7k

e () v (y

- L (38) - (sl TR (rg)
* 30 - 60y +60k
= 30 (£ -25 +2b)

Tok = €-2)+2
Dr-ng

)\ i) S
(2)(3)- (3)3)

X~ 25# 22 = |,

E%ruh 1)

Qe >

(e p2dl exiss @) @iy @@ Q@
Yo O
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3) Find the Cartesian equation of the plane containing P(3, -2, -7) and the line
x-5_y z+6

3 1 4
p(3,2,1) © on pn |
4 (5,0-) v o w od honce. o plone

PR OB o Wdo oL plaie
& 6

drchi tecer of e - ( %)
(olso ob ploe | l

Reomal vecks - (%)x(s] /i i l_z’
3

4 |
!

L) G (53) vkl
= 7c -5 Uk

3

fog /- V7

7x—5yrhz = 210+ 2€
TX- 59~ iz = 54
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4) Find the equation of the plane containing the lines -3 _y+l_

and i:—z =Y = =)
3 2 2

2 3

NS

(3,4,0) wd (202) Qe A "H\Q plre
Arechin  Vete (%) and (i) e puellel  vecks

U

Tips for success

© fnd egwhm of plore. e
Dr - n.

Mg > nomd veckr  ( Gually e OBS
L oy product |

= ponf oL plae

Maths in Action Book 3 Page 57 Exercise 6 Questions 1(a), (b) , 2(a), (b) , 4(a),
(b), 5 (a), (b)

(CR 924l ex1S5 sk |
300 Exn.l Q) Py
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Finding the Angle Between Two Lines

The angle between two lines is the angle between their direction vectors and
can be found using the scalar product.

Example

Find the size of the angle between the lines
x-1=y=2z-1 and x=1+t, y=5t z=-t

EXES ey 1) §9mmam .
/Xl = Y - iLJ
:

-l 0 = Z“
T J" By

o ciethn vecks e U= (.}) v (-”

W.v - 1454 luj: &5 1= Jivas
| = 9 B =l
[ully]
- 5
S 37
=5
q
g- @'(3) - %3
“o

Maths in Action Book 3 Page 66 Exercise 9A Questions 4, 5

Page 70 Exercise 11 Questions 1 part (iii)(a), (b)

1w
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Finding the Angle Between Two Planes

The angle between two planes is defined to be the angle between their normal
vectors.

Example
Find the angle between the planes x + 2y +z=0andx+y=0

neond UGG N T ( %) ad - {l()
O

N, e 1R LRy Ny |- Jir
- :‘3 = Nré

Maths in Action Book 3 Page 59 Exercise 7A Questions 1,2 ,3

20§
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Finding the Angle Between A Line and A

Plane

The angle between a line and a plane is (90 - 0) where 0 is the angle between the

line and the normal to the plane.

/\m‘md /

s
d

(90 - B) is the smallest angle between the line and the plane

Example

Find the angle between the line % = % =— and the planex +z=0

2

drdu wedg - ( ,‘) o VeC ks

A
a0 =3 dl-Je Iny o
AL
;,{g
- \)Og

Qe belueor \lne. and plae - -

/qo/e <F\/\L bl

e and plang.
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Tips for success
gl Vel e s > Aind angle. ke direchor ek
a{g\a belwan g paies = fud vat bwauL e vedza
(e Dehuma g cnl plare =

Qo e)

o)
dlltdlt/) weloe gacl Ctmw

S ayyla boliuan

Maths in Action Book 3 Page 68 Exercise 10 Questions 1(a), (b) , (c), (d) , 2(a),

The Intersection Of Two Lines

In 3D two lines may be parallel, may intersect or be skew (neither parallel nor

intersecting)
Example
x+9 +5 z+1
=92 M
4 1 -2
x—38 -2 z-5
A )
-5 —4 8
x-8 -2 z+15
=7—"- 3)

Consider a) Intersection of (1) and (2)
b) Intersection of (1) and (3)

(Always check for parallel lines e.g. (2) and (3) are parallel — same direction vector)

2
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2=5
g

":S )

chin O . = Yrs = 24l and X8 = -
Inlcsechin of gg_q - g'Lb - %;( and /i%_& - %_‘L -
e
ig)ia'cbdlfgr pﬁ%wm
Not  paralle|
ot W pammehic fom
bre ® &= Lk bifle @ A= -55t8
8: ‘t.S' L(:j: ‘liSi'Z
z= -2t z- §5tS

K inkeeechu LE-G 7 =558 ..
5882 .. @

Q-1 = §StS B
éuSolve O ad @ hen e 1y @
bt tS-=i7 . ©
bt -7 )
0) ukt 5s - |7
@ x4 bt ks - 28
Subhict Il =]
S| 2 t3
Qude - ®  LHS= 28+ RKS - &sty
== = B

docs ok Werk > e do mof Mfegect
=2 lins are Skeyr

20
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() ,Ki{_q - ulg = g__;l andl X8 - Y2 = 2415

. S Tu x
€e) (= )

Rieeinicly

K= LY . X: -5A 18

H: (-5 &: - 12

Z > )t 2= §A-S
Dot of 1hkesechei Lt-9 -5 .- ©

t=5=~lAt2

2t - 8AS - @
®

Sele @ aud @ Gk t5A=(7 -G
ct (A=7 --@

O 615417
@t GEHIbA =)
Suphaet 1A =l |
~;\: l > t;&
eh‘-’kh. 1y @ (8= -—{:7_| RHS = g:}s

Nerkes 5o thee & o po of nveeeche:
i . - 2= -
o £5 Y ES *
pont (3,-2,77)

Maths in Action Book 3 Page 70 Exercise 11 Questions 1(a), 2,3

2
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Intersection of Two Planes

Two non-parallel planes will always intersect in a straight line.

Example

Find the equation of the line of intersection of the planes 3x — Sy + z = 8 and
2x3y+z=3

e nad @ a direcha veckr fir e ine
@ a powt o e lie

G drcha vk perpediiar to both  nomal vecks

SINOENFEE R

2 3
- 1 (-5r3)+y (32) 1k (-a110)
-2 -fth
@ b > con ue any yoml (0 both  pianes
ot 20 3%-5y-8
(d ek =B Solve 66(-[03 =16
ot Y=0 Wnsieod] b -G
o fnd T pank Gt X~ Y .
e of 1L axes Yyoloo X ?
(-4,-1.0)
e AXt4 -

A l

g

Maths in Action Book 3 Page 72 Exercise 12 Questions 1,2

(e pwx» Exisin
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Intersection of Three Planes

To find the intersection of three planes we solve their equations simultaneously. Since
we are solving three equations in three unknowns we use Gaussian elimination.

There are three possible outcomes.

1. The system solves uniquely, then there is a point of intersection

2. One redundant row implies a single line of intersection.
3. Aninconsistent row means that there is no solution.

Either
o the three planes are parallel

e two of the planes are parallel

e One plane is parallel to the line

of intersection of the other two. //\

Example

Consider the intersection of the planes Xx+2y-2z=-7
X—-2y+z=6
3x +2y-3z=-8

Romma - veclun ( $ )
L

(11) (%) o no plaes are
! 3 pocdlel

153 Gaossmn elimncin o Solue

P
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| 2 -2 | -
(13 1))
\3 Z _J> } “5

02 =27
EZ - ‘Zl IO “'Ll 3 |$
3

Ky-3, 6 -t 3
[ 2 -2 |-l
- O ~u 3| 1Is
s © ‘O ° O,ﬁ inbnce solohus.
One redudat @y > e of 1hkRecen

ot 2=t
) -yi32= 8B
1 13- 3 Y= 3-8
Y ISTS_t , Y gt 7
@ X4 2y 2= 7T
Xy 3L -8B -2t=-7
2 2
X< yt- 3
SO X: 3t-d
1A 3 —_
Yy -8
z- ¢
o Symmeni fom .
- Krzo= NP S - 2
1 3 |
2 ¥}

Maths in Action Book 3 Page 78 Exercise 15 Question 1
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Intersection of a Line and a Plane

There are three possible cases
(1) The line is in the plane then intersection is the line itself.

(il)  The line is not in the plane then they intersect at a point.

(iii)  The line and plane are parallel and will so they will not
intersect.

Check for (i) and (iii) - If the line is in the plane or parallel to the plane then the dot
product of the direction vector and the normal will be 0. (i.e. direction vector for line

and normal to plane will be perpendicular).

[f the point on the line also lies in the plane then we have (i) if it does not then we
have (iii).

Example

x=7 y-11_ z-

1) Find the point of intersection of the line 4 and the plane

6x +4y-5z=28 2 , *
Check ( (L)
3). (&
=kt -6 _
{0 SO e and plaw do intered.
e in pacinging R
X = 3ttt
Y bt (]
2= REE20

Sowshide 1 e of plane
X thy- 52=2%
C(36H7) 4 (W +1) -5 (Bt taL) =26
IBEFW2 t bt 166 -65t - RO=X
<3lt = €2
b -2
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Port of 10 leredhn
x> 3(=2) 17

R t=-2
Y- (=) il
2= B(2)1Y
= =2 .
(1,3 2)
Example 2
Consider the intersection of the line ; 3 = yT+1 = % and the plane
2x -8y +5z=14
Nan < 1
Chuck ( 2 ) (-,)
ulv \y
L-261 20

_
So ether hne W in plne o pardel o plae

Chot \F pant % o lne & (3,40 1 aw oL
Plane
Scbdifuke W0 2X"§y+ 5S¢
- 61610
1y
S pont les on plow
> e s o plow

= ontesedig \s e \self
MN-3 = Uil =2Z
-3

|

}917
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Tips for success

~ineeechn of lies > wnle tn - pazneime R
malke 3 eguahuns, Solue

- infesedmn ofzplans > ques (e > vg dwechd vedg poxne

b o) any punf (e et 2=0)
s inteiechn of 3 plas - o Cessian eliminghu

st of o and ploe > wale N parzmein. fore
and Sobgifv nfe plane

Maths in Action Book 3 Page 68 Exercise 10 Questions 1 part (i)(a), (b) (¢), (d) , )Cll“
. (R pa0 ex(510 §G (1)

@
4 @

Exam Question

(a) The line L with equation x+25 =2 ; 2 = Z;l meets the plane 7, with
equation 4x+2y—z =3a at the point P. Find, in terms of « , the

coordinates of P.

() The point P also lies on the plane 7, with equation 2x - y —3z = 42.

Find the value of a and use this value to state the coordinates of P and
the equation of the plane r,.

@) Wit e W paowdne o

Xz U5
Y- Lt 42
2= 3t

Shshtute h Laay €= X
~56-20 18 U3k H "3 ok

-3t -15 = 3y
3t = -3u-I5
- 4 -5
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O A: (-5 )-5

A
\L&: (.L( - ’5_)"\'2_
= -Q,O} “16
2 = 3(-a-5)" :
- —34 -k pont (204 5,-ld -8, -3 -16)

b)  Sohshrile punt o egurh
X-Y-3z=
(4 +10t lle&j Gy 148 = L2
174 =3
2> -2

P (1,10, o)
T, Wit 2y-2 = -t



