Advanced Higher Maths : Unit 2
1.2 Applying Algebraic Skills to Sequences and Series

SEQUENCES AND SERIES

e A sequence is an ordered list of numbers where each term is obtained
according to a fixed rule.

eg.1,4,9,16,...........

e A series is written as g, +a, +a, +......., the terms of which form a sequence

eg 1+4+9+16+..............

e The nth term of a sequence or series is denoted by u,

e A sequence or series can be defined by a recurrence relation where u,,, is

given as a function of lower terms. % Uy = 3in and U ® 2.
lhon ug= 3w W>3u
Py =18 ek -

e A first-order recurrence relation is where u,,, = f(u,) , recall Higher
u,, =0.8u,+15

/tp\au'\ Un.
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Examples

1) Find the first 3 terms of each sequence. Is it increasing, decreasing or neither?
(@U,=-2n

(L) U, =2n+3
©@QU,=1+(-D"

Uy =- 2xl=-2
(0\ u:: ‘ZXL:"U

Uy= -23 = -6 dchcmng

) W= X385

U= 2X:3=7

Uy~ 2313 = 9 e g
€ W= () = 1-=0

Uy~ L+E)* = TH-L
U= 1t ()= - =0 fatther .

2) Write the following series in expanded form (]J\d eval(um
(a) Z$=1 3T
) 25, (-1

b
@l r§3r = 34321 3x3 +3xkt 35 1 3%
T o 3 bt A tIStg

0 RGO ) g
-3+3 -5

-81
20.

i\

—
.-q

3
¢ 5

i

I 1603
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e o feaf of &mu

Arithmetic Sequences and Series fom an anthmekc

An arithmetic sequence or series is one in which / &%m i

U, — U, =U,— U, for all values of n &~

n

i.e there is a common difference, d, between neighbouring terms in the sequence.

(yo o orovioe B sone number o ger e erd o)

This is the defining property of an arithmetic sequence.

e.g. for the sequence 1,4,7,10,13,...... the common difference is 3 and the

sequence is defined as the arithmetic sequence with first term 1 and commeon
difference 3.

For an Arithmetic Sequence or Series with first term @ and common difference d,
the nth term is given by X

X lam.

u,=a+(n-1)d
W U U Un
v U Us
a atd  ar2d & at (n)d.

Examples

1) Find an expression for u, and evaluate u,, for the sequence 3, 7, 11, 15,........
Hee d-4 a=3
Un = a+ (n-1)d
U= 3+ (n-)d
-
S0 Un = bxliH
=13
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2) In an arithmetic sequence u; =23 and u,, =37 . Find an expression for the nth
term of this sequence.

Us = 23 U= afn-1)d
s B= 0rd . @
Uy - 37 s at (n-d
( U= at Ui
R=IL. 3= arld-- @
Solue. Siml
-1
@ 0 d-2.
g  93-q48
a=15

Mh Ry upe at (n+)d
ISt ()2 - Bt

3) Given the arithmetic sequence 5, 11, 17, 23,......find the value of » for which
u,=113

Hee a=5 d=f and w=I3
W= at (n-)d
B = 51006
6 (1) g
= |f
n=19

CfE AH Maths in Action Page 151 Exercise 9.1 Questions 1(a)(d)(g),
2(a)(d)(g), 3, 4, 5, 9, 10, 11
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Sum to n terms of an Arithmetic Sequence or

Series
For the general arithmetic series with first term a and common difference d,
the sum to n terms, partial sum, is given by
y leam.
S = %[2a+(n ~1)d]
Proof of above
Snear (akd)d (orz) 4.+ (ot (yd)t (ar (n4)d)
Quese odor- |\ A

Sn - (wgdd) 1rb2)d) + ... 4 (ard) + o

Add.
0= (2t (n-0d) ¥ Gar (ad) + - -+ Qo G-0d) Qe 60d)

R B
of (2at+)d

Zon = (20t (n)¢)
U [t (n4)d)

Awther B of the ook
Sn= B (opr (n-)d)
U (ara +ia-)d )
tm&w Un

@ e L ot om

-
-
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Examples

1) For the arithmetic series 3+ 7+ 11+ 15+ ......, find an expression for S, , the
sum to n terms and hence evaluate S,,

Hae 03 d-i
Sn= g(zcﬁ (n«\)d)
Sne B (44 (n-{hl)
Sn> %(unkz)
= iR

When =20
Y 2% 20420
=810
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2) Find the sum of the arithmetic series 17 + 19 + 21 +

......

+ 231

Hee a=1(1, d=2 w231

Find w st

e a+ (1)
Bl 1T+ ()2
Bl 15t
- b

n= 106
Swo b [oar (1))
Sog = \%Y 3Lt (wo-L) 2)
= 12

YE % (a+d)
z lg_% (17+231)
s R4,

or Uiy

e
——

~
- 0

2
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3) In an arithmetic progression (general term) u,, =3 and S, =76.5 . Find the
smallest value of » such that S, <0.

ho=3 = Ue = Qt (l()‘l)d
3= at U4 --- @

8 165 o Sn: b (at (1))
75 = L (at 54
at 5d =255 . @

(G x 2 lt8d =¢
6 2ar & < 255

Soblmch Rd < -19.§
d= -5 > =165

S <0
D (ar (v1)d) <O

b (gt b-)(3)) <0
(xt) 2 @B- 3 (n-l) <O

L6 - 3t +3n ¢O 4y
$4n- 3nt <O

2& - <0 ) 5
% 03 n) <0 gw@_)"‘gn?;?‘“‘@ hE

Fium

Wor h 23 Sallst vidve 6f 0 80

hOpr(ﬁS\NQ‘ Mok S <o 18 n=24

CfE AH Maths in Action Page 153 Exercise 9.2 Questions 1, 2, 3(a)(c)(e),
4,6,8,9
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Geometric Sequences

A geometric sequence or series is one in which there is a common ratio, r,

between neighbouring terms i.e. Use o b
— Qs

U

U u

n n-1

i

for example 2,6,18,54,...... is a geometric sequence with first term 2 and

common ratio 3 a/ ar/ arlj ari _——

In general for a Geometric Sequence or Series, with first term a and
common ratio

e
>

n-1

Examples
1. Show that 2sinx, sin2x and sin2xcosx could be the first three terms of a

geometric sequence.

U= 28IV
U= S 2X

Wz SN 2X (VK -

gl- < M yé > (S\M]XCUS’X
U 2SI Ue SN

= 28I ONX
25X (B4

= @YY
Uy = U
Uy Ue
5o thee fome cld o a %eOWW S@;WM&
wth 1= &Y

A

L}

X

-t

Uorr U for all values of n 4/ a &
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2. Find the geometric sequence whose third term is 18 and whose eighth term is
4374,

Uy~ 18 ws ar-
16 -arr --. @

Ug = I = BTk -’ .. @
.18
O gvs 45 o _
h © U376 < lr_fi 7

In ax 3t =18
0] =2

f@ﬂ& Z, 6) lgz SL‘: -
3. Given the geontétric sequence 3, 6, 12, 24, find n such that u, =196608

a=3 =2 Un = ]96608

Un- art
19648 = 3x 21!
ot = £5534,

(ihtm(}m’ro Ipgg.

B 1%165536
ne 16
n=11

CfE AH Maths in Action Page 156 Exercise 9.g Questions 1(a)(d)(c),
2,3,6,7
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Sum to » terms of a Geometric Sequence or
Series

The sum of the terms in a geometric sequence is called a geometric series.

For the general geometric progression with first term ¢ and common ratio r, the
sum to »n terms, (partial sum or finite sum) is given by

a(l-r"
PTEIR
1-r
from
S =a+ar+ar’+.. +ar"
rS, = ar+ar’+.... +ar" +ar"

S —rS, =a—ar"
A-r)S, =a(-r")
a(l-r")

S, =
1-r

11

& %
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Examples

1) Find the 12" term and S, of the geometric sequence 1, 3, 9, 27,

a1 =3
Sn: al-r
-
Sb“l“'su)
| -3
= 7&‘1;_!
2
S= bl
th e upe art
U I x3"
=77

12
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2) What is the smallest number of terms that will give a total greater than 6000000 for
the sequence 8, 24, 72,.....7

Hee Q-6
=3

he wart  Swe oall-ct) > 6000 000
[-T
8§ (1-3") > 6000000
B
u@'\—[) 7 6000 000
3= 7 1500000

3" > (50000 |

fr 3= 5000

n= 9
Son= 13

uwvv

13
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3) Find two possible geometric series such that S, =15 and S, =255
S b S = Ml)
(-
a _‘ai \ = [ ()%l
-

a a";\ (\ "r\ .:IS
I

a(lrt)= 15
a= s - 4
W
Sy = 2% Seoali-v
\-r
L - s
a(-9(wry) - ys5
\-r
fon o) 5 (1Y =255
e 11
=16
- 3,
In )
Wn rel 02 B3 Segiie 31,8, 1L,

r=-{ a5 - = -
Whet 25 Seperce. =50, 80, 3)0).

CfE AH Maths in Action Page 159 Exercise 9.4 Questions 1(a)(c)(e),
2(a)(c)(e), 3,4, 6,7
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Sum To Infinity

If the partial sum S, tends towards a limit as n tends to infinity, then the limit is
called the sum to infinity of the series.

Arithmetic Series

n
5, =2 Q2a+(n-1d) et d (nd -d)
= 2 —
canbe writtenas Mt ﬂzd '?: d .
d FL Ve 0
S, =n’ d+(a_5) “ z
=n‘|—
il e -md 40 (g-1d)
2
(44 a-id )
and soasn—>® S, —>n2§ n
and soasn — o S, — oo depending onvalueof d a -
this = 0

WW
The sum to infinity for an arithmetic series is undefined. :E

15
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Geometric Series

_ad-r

n l_r 3
If|r|>lthenr"—>oo as n— oo S0 S% OndQle
If|r|<1then r"—>0as no>w S0 &\, ) Q

=
If r =1 then S, = na — 1w as n — « depending ona x%m Cl/ C{/ q_/ cL. .

If r=-1then S, =0 foreven n and S, = a forodd a,asn — © &?m a/ ’Cl/ a/ ..q‘_ )

Hence

The Sum to Infinity of a Geometric Series is only defined when |r| <1 andis
given by

16
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Examples

1) Express 0.0% as a fraction

0.07 = 0.07+ 0.0074 0.00074 0.00C07 +. .

(eomdne  sorus a= 007
r= 0.

Sine |l

oY s, moliply fop ane| botem
d

100 nd of
Y s

17
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2) Find the sum to infinity of the geometric series 18 + 12+ 8+ .....

Q-8
M= 1L
\8
s2
3

Se ok e Irl<l
Sw= 4
-
= |§

-
S

- 2l
- 18

= Bx3
Sw= &

18
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3) Given that 18 and 6 are two adjacent terms in an infinite geometric series with
sum to infinity of 81, find the first term.

Un= |§
Unrt =6
- e
Un
= b
T4
=41
3
&= d
|-r
gl= 4
-3

CfE AH Maths in Action Page 162 Exercise 9.5 Questions 1(a)(d),
2(a)(b)(d), 3, 4(a)(b)(c), 5
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Summary of Formula to Learn for NAB and

Exam

Arithmetic Sequence

u T un =un - un—l

n

u,=a+(n-1)d

S, =§[2a+(n—l)d]

Geometric Sequence

Upsi _ U
un un—l
u,=ar""
a(l-r"
T S
1—r
S, =— Sfor |r|<1

20
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Power Series

We can use polynomials to approximate some functios.

Any series of the form
Ay + AX + @X + AX F s
is called a POWER SERIES.

MacLaurins Theorem

@)= 1@+ L5 L0 / HON

...........................

Examples
1.(a) Find a power series for f(x) = cosx

(b) Hence find a power series for cos2x.

@ ) - wox o) -
Pix) - -sima £0)=0
£ () = X f (o) -
Plll OX) = SihX PW{O) -0
P ()= (OBX P(0)-

By Machaurs Thoorem
firy- 04 AR (0)4 %L Py

S - AL 4 x4 _ b
& X < | g-, *fil "lé.{ T (%)

% Noe A mosk v i mdos  (sing &y Qldw)
b In @) ;= 1 @y Q- )
2 ) (L
c e 2=
S

21
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2(a) Find the first four terms in MacLaurins series for f(x) = e**
(b) Hence find an expression for >***

P(/x): e UX no) -0 ;l

Fix)- 22 P2

P'M- L £ (0) =4

F‘“(K)—' go 2 Pu([o);

Pix) - FLO)H _‘_[0) x4 P;,'CO) At {:‘5%9) A

It 2wt U oAt B oAy
= Z,I/X 57’)("/

eV |+ X+ ;4 %XH .

3 Find the term in x* in the expansion of e*(1+ 2x).

oo wing  Mackinn

0
M vﬂ P"LDK«\ ek
- |+ rL{«fz\,( N+ é,’%‘% t,‘«h,,

O ex(lry) - ert ;e

’(,f’)(‘f?_(}% ‘)(Bi’ﬁ o X L \
2 % zw%r J (“(‘}' %?*

CfE AH Maths in Action Page 179 Exercise 10.5
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Basic Expansions

S R S

sinx =

gt 5 7
cosx = | - ’)(l FAY M6+-.
72! Y
E /><+0(l+’>(3 +-..
o2t &l
1+ = — XL 4 n3 K4y o5 —
2 ¢ T 3
tan™' x = X 'ﬁg T ’&S -
3 5

We can use these to derive others.

ad B>

Xe R

(4
Xep

‘—l<9(&<l

-l XL

Examples
1. Find a power series for .g_i_i_;
[ am Wik
‘Qﬂ (l—i‘).( ) - Q,n("'f')()- QV[(,[-'XJ
(=X
Neo I (Ha) 2 K- M-0Y b a8 = Jeagg
2 S u < "
T fd (¥ ovslive —x Br «
b (1-x)> ~K-R-0 XU 8 kg
Z S u S
-1 X<
X
o (A) In (144 - Wa(1-+)
|- K=K 03 Y )~ (,,x A 3 U )
o g T -2: 3 -LI .
2(RBey ) e lexd
s 2 el

of Clpne.
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2. Expand ¢**sin3x in ascending powers of x as far as x*.

[+x4 & {8 + X4 KER
20 3
Replae & By - 2
o= 1 )t (a0t + EoP e E)Yy
2! 3! U
= 1‘2@@—M($+ %xu_,. KER
: /XS b -’><7 g KEK.
Shx = X- S
ploe % b 3’&

- QA R3¢ --
S ax= 3K~ 3 &
Hong. Q'mjmg?(: (l 2/x-t2®(‘ L‘x”w‘ ZX“* )(3?(' q9@+~)
= At M@-h/x“ o@*r%(“m- .
= ax-baet dm ko valel fuse R

3. Expand ¢™* as faras x*.

S L G o U O

\, ‘ Qﬂ
Sshive sivx fir /)( 3
QA= |+ Sk + SN 4 SIBx + SINYX 4.
L\ 3l h_\

Bot siha = % - «H .

(3/ ’ ' 6! 3
|+ X -3 b A3+ XYy 1
6 2 b 6 2
&t %&- X4+
2

CfE AH Maths in Action Page 182 Exercise 10.7
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