Advanced Higher Maths Unit 3
1.4 Applying Algebraic Skills to Number Theory

NUMBER THEORY

The Division Algorithm / Euclidean Algorithm

The Ww of a and b can be denoted by (a b)
when the context 1s unambiguous.

Consider

203 +4 =50r3
SO

203 is the DIVIDEND
4isthe  DIVISOR
50isthe QUOTIENT
3isthe = REMAINDER

The relationship between these four numbers can also be expressed as
203=4x50+3

In fact, given any positive integers a and b (b # 0) there exist unique integers q and

where 0<r<b, such that

a=bq-+r
This is the DIVISION ALGORITHM.

The repeated application of this until the ged (greatest common divisor) is identified
is known as the EUCLIDEAN ALGORITHM.

o gualest comm dwse of 3L an l2w 2

36- 12+ 1o (B, 1t) = (\yi0)
2= Ix\0+ 2 )= (W0,
0= OXZ10. (b,2)= (2,0)
) 36&1 =2
o (D, 0 >

@mr wmme  duse of b wd) b b
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Examples
1. Find the ged of 203 and 4.
203: 50xl ¥ 3 (03,0) - (4,3)
L= 1x3+] =8 ,1)
3= 3xl 10 =(1,0)
1 ap oy

} hi gd
T gl ommn dwse of 23
ad L5 o

2. Find the gcd of 132 and424

LB = 3xB2+ 26 (L2, )= (32,28
B2 = X2 +20 =(2,20)
%= Ixw 18 =(20,8)
0 2x84( = (5
- 2xu+0. =(L0)

ged =l
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If the ged of two numbers is 1, they are said to be relatively prime or co-prime.

I};:ixTadniﬁlfgcd of 140 and 252.
957 Xl t Ui (252, 10)° (1w, 1))
W= Ixliz+2 (an&)
s WE+0 - (%,0)

cd of I and
252 15 2F

Maths in Action Book 3 pl45Ex4Q1-6
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The qcd as a Linear Combination

If d is the greatest common divisor of a and b then there exist integers s and t such
that d = as + bt

Example

1. Express the ged of 2695 and 1260 in the form 2695s + 1260t
where S,t € Z.

fd e ged Al
2605 < 260415 .. g (2645, O)- (i
0= TxIB5+35 . @ (s, 35)
IS = 5%x3510 =(35,0)

ol =2
Novbw hackoadk.
0 dwc& 35 = 60— XI5

= D60 ~Tx( 2695 2% 1260 )
= 60— 7x 2695 + 10k 1260
= [SX 6O -7 x WSS

> 260557 + 2260x(5)

O S=-1 ond t=15
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2. Exam Question
(a) Use the Euclidean Algorithm to obtain the greatest common divisor of
3255 and 4785

(b) Hence find the two integers x and y such that 3255x + 4785y = 360

@ 7857 [x 3351530 (S, 355)- (3255, (30
3255 = 21530 + 195 . 0530, as)
1530 = TXIG + 165 = (165, 165)
1G5 = [x165t30 .. - (i85, 20)
65 = 5%+ |5 - (30,15)
0=  WXIE¥O0 =(15p)

QCCHS
o Woe Rr 30 st fon o e xu o geb 3.

30 145 -1x165
- 195~ | x (130 - 7x1G5)
- 5x145 - 1153

= §x (3155 2%1530) - (%1530

= gx385 — i1xI8%0.

©BX3Y ~ 1% (UB5 LA R)
30 =5 xd55 - X85

Milhly by 12
3 - 31S5x3W - LBSx 20U

e Maths in Action book3 p147 Exercise 5Q 1 —7
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Number Bases

We are used to working with numbers in base 10. This means that are column
headings are

10* 10° 10> 100 10°
So the number 62314 is

10* 10° 10> 10" 10°
6 2 3 1 4

ie. 62314, =6x10* +2x10" +3x10* +1x10' +4x10°
We can write numbers in other bases in a similar way.

Example
For base 5 the column headings are

s 5 5 5 5
SO
33224, =3x5" +3x5° +2x57 +2x5' +4x5°
=2314,,

Note
In base 5 the highest digit we can have is 4
In base 2 the highest digit we can have is 1. etc

Example
1. Write the following numbers in base 10.
(a) 101101, (b) 1223,
(q) gs _?:_U 2—6 2} ‘2;' —;—o
\ 0 \ I 0 |
(010, = (% 2°1 2!+ [x28+ [x2%
Sl v 8T L
= LS,
\ L 3
1223, = Db+ 2XUE 12Xl «3

- 404321 €3
-~ IO7L0
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2. Express 1467, in base 6.

66736 20 T 3
AL =6 =060 1§
W +6 = 6 ry
6-’6— [l 0

[26= O ri

:tdnumzer
G

'Qtﬂ o - ‘OUL&b

3. Express 1213, in base 5.

e ™ hose 0 R

12030 > (X34 2xUt+ XU+ 3 ke
= 6L+ 3LH(+3
= D3

03+5= 20 rd
20 5= 4L QO
L 5= 0r U

123, = 1086 = W35

Maths in Action Book 3 p151 Ex7
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The Fundamental Theorem of Arithmetic

The fundamental theorem of arithmetic states that every positive integer can be
expressed uniquely as the product of one or more primes.

Examples
(@) 360 (b)37 (c) 416

(@ 300
/\
306 o
, .
I§ \z z'\s 360 = 23x5xq
/ \
q 2
37
L P 3737
(c) 16
LL/ \
j0U _ -
/ \ Lb- 2°xRB.
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NAB Style Questions

1. Use the Euclidean algorithm to obtain (1365, 299)
2. Use the Euclidean algorithm to obtain (5187, 760)

Exam Style Question

e Use the Euclidean algorithm to find integers x and y such that

9454x + 6873y = 29

0 365 = 4x299 + 164
249 - % (64 + 130
l6q = IX BO + 34
BO = 3x39 +18
34- 3Ix R +0
6) 5187 = 6X 760 +62 7
760 = X627 + [}
1 xR 45
133 = XG5 ¥ 38
Qs = WF» 19
X= 2xl9+0

(1365, 294) = (@, la)
~(lk ()
(80, 34
-39 i)
-(13,0)

g =13
(517,760) = (760, 67)
(627 &)
-(13, a5
> (G5, )
= (3%, 14

{l4, 0)

(5187 50} = 19
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Find Yed of  aLst ond 6873

QWS = (x 6873+ 256 (use, 81)> (873 ,2551)
6873 > 2x 2% 1 il = (21, 1)
9581 =[x Wil + 870 =(17il, 870)
= 1x 870 + 8 =(810, su)
50 = [(w8W+ 20 - = (8W, X
8l = 2x294+0 =(2,0)
gu- 2
Fon ()
9q = &0 - x8k|

= g70~1 x (171 - 1%570)
- 2 x870 = I X {7l

= yx (as0- e dit) = 1T
= 21581 -3x 1l

© %2R 3 873 2x21)
= X%l - 3% {873

= x (405U~ IXETR) - 3x6873
" Ex AL~ X 6873

X=£ ad Y+ -

10



