Advanced Higher Maths : Unit 3
1.1 Applying Algebraic Skills to Matrices and Systems of Equations

GAUSSIAN ELIMINATION

Simultaneous Equations

We already know how to solve two equations in two unknowns.

Now we are going to solve equations in three unknowns. To be able to do this we need three
equations. We can then solve simultaneously by eliminating one letter at a time.

Example

Solve the system of equations x+2y—-z=7 ._. (D
3x-yt+t4z=-7 -- @

2x +3y+2z=4 . @

Khminaty 2
Oxl g b= 6x2  wily-2=1y
@ 3Ky the: -7 ® W3+d2= |
add  7x td= 21 bx+ Y= 18

Solve Ty y=2 - @
Wt Y-8 - @

=3
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hW@® Tty
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To make this method more efficient we can put the equations into matrix form.

Example

Using the equations from the previous example

x+2y-z=7
Ix-y+4z=-7
2x 3y +2z=4

In matrix form this gives
L2 A |
3 =l
2 3 2|4

This is called the AUGMENTED MATRIX

We now perform elementary row operations

e arow can be multiplied by a constant
e rows can be added or subtracted
e rows can be interchanged

We are aiming to get the matrix in the following form

X X X X % = nomos"
0 %X X X
0 0 ¥ b 3

N g these b aquil 200

This is called UPPER TRIANGULAR FORM

We then revert back to equations and solve by back substitution.

This method of solving the equations is called GAUSSIAN ELIMINATION
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So returning to the equations

X+2y-z=7

3x-y+4z=-7

2x +3y +2z=4

We solve as follows

(f1
2 3 ‘;
i 2 f7'
R~ 3K 0 3
p3- 201
Shaw) whak
W ore dong
Il 2 -l
6 -7 1
TR3-pz V0 02
Chonge back o epyuhos.
O 212 = -l
€ </
) ~29f7z=—28
_Z‘j‘—h: -2%
..Zy_: ‘“}
Y2
R ngy-z—ﬁ
A+it 2=
X=

Evseram -logj&o at
St of s 2 ond 3.

(oot wipy Pacho !

.
-8
UL T Ve 2 o 0,0

aF st o w3,

Soloher  X=1, Y=o
z-'—-@z
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Example
Solve using Gaussian elimination 2y +3z=4
xty+z=2
4x +2y+3z=6
( 0 2 3 M
| \ | 1
4L 2 3 6 )

Sne Rt oo lark wath 0 Saap b either 22 - E3.

R3< R o2 3|6
I | 2
0 L 3|y
R-LR L 2 3 6
( 0O - -\ -]
0 2 3 Li
L 2 3 b
0 -2 - -2
Q21 p3 0 0o 2| 2
& gwes 22:2
|
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U+l 43 =6
W =
X

-
-

<~

1
L

Sovhey = ‘}_,(‘9"—2\_) 2=

Tips for Success....

> Stale what uwaie doy I each Sl af the
sidy of mama . Y o
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:) Dk Ging &1 wilh
R 23 3

> (it i o

Maths in Action Book p265 Ex14.4 Q1(a)(c)(e),2,3,4
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Types of Solutions

All the examples we have looked at so far for solving 3 equations in 3 variables have one
unique solution (i.e we get one answer for each of the letters)

This is not always the case and three possibilities occur :- one unique solution

inconsistent equations
redundant equation

(a) One unique solution

= occurs when we obtain one value for each variable, as seen so far
= Geometrical meaning — 3 planes meeting at a point. (see vectors unit 3)

(b) Inconsistent equations

»  occur when a row in the matrix looks like

00 0k
leading to e.g. :-

= Geometrical meaning — 3 planes not all meeting together eg 2 parallel planes,
planes form prism (see vectors unit 3 )

Inconsistent equations give NO SOLUTION

() Redundant equation

= occur when a row in the matrix looks like :-

0000
= Geometrical meaning — actually only two distinct equations meeting in a line.

A redundant equation leads to an INFINITE NUMBER OF
SOLUTIONS



Advanced Higher Maths : Unit 3
1.1 Applying Algebraic Skills to Matrices and Systems of Equations

Examples

Solve by Gaussian elimination x+2y+2z=11
2x-y+z=8
3x+y+3z=18
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Example

Solve by Gaussian Elimination x+2y+2z=11
x—-y+3z=38
4x-y+11z=35

Ryt 22 <
X+ %(%-13)1‘2%4)
3X+ 22+6+62 = B

3x = -8+ 27
X= 2182
3

Stha &= 2782 ys B 22
3 )
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Exam Question Example
Use Gaussian elimination to reduce the system of equations
2x-y taz=1
x-y+t2z=-3
-x+2 -3z2=2

to upper triangular form.
Explain what happens when a = 3.

Find the solution corresponding to o = —13.

2 1o
)

2 4 W l

e ’~7

343, ~ 0 0 62 | 7Ib
When o=3 e hare.
2 -3

CERNE

O 0 0 -1t

ol - = o Soluhus.

Whon w=-3 we have.

(313 ]3)

0 3 l-lb

CCan
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9 3 'N)

RI Y- Be =

Tips for success
o for equhis  anl t@ an Uk lelter (92) o
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Exercise :- MiA AH p268 Ex 14.6 Q1(a)(b)(c), 2, 3,4
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The Stability of Gaussian Elimination

For a method to be stable, if a small error is introduced (eg rounding) there must only be a
small change in the solution.

Consider 100x + 99y = 199 - @
99x + 98y = 197 - @
0 x99 Q900 x¥ asdly < 19 701
Qa0 + BOy-= 1970
Sibhad - y = |
in @ 100x+99 < (49
A=

Now changing the original equations the original equations slightly

100x + 99y =200 - -- % & Increasecl by l.
- (G

99x + 98y = 197

@ x qY qQaopx + q&OU: |48 G0
Y x W 690 x + QgcDy= 14700

SWphaet Y= 10U
In @ Wx+ 90 =200
box = —9700
x= 97,

11
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A small change has drastically changed the solution. We say these equations are ill-
conditioned.

A stable problem is well conditioned. K: \
N
\/
An unstable problem is ill conditioned. —_——

/ sl dges

Mia AH p273/274Ex149Q3,4 + 2012 Exam Paper Question 14

12
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MATRICES

Definition/Notations/Conventions

A matrix is a rectangular array or arrangement of numbers.

Each number in the array is called an element of the matrix.

Matrices are arranged in rows and columns, and their order is given as
number of rows x number of columns.

2 -1
This matrix has 3 rows and 2 columns. It
eg. |0 6 . .
5 3 is a matrix of order 3x 2.

In general, an mx n matrix has m rows and » columns.

® The position of an element in a matrix can be described using the notation a, .

This describes an element, @, of matrix A which is in the :’th row and ;’th
column.

1 5 1
e.g.inthematrix A=[2 3 0 |, ay=0,the element of the 2™ row, 3
4 -2 -3 column.
-1
e A column matrix has only one column, e.g. | 6
0

e A row matrix has only onerow,e.g. (0 -5 2 1)

e A square matrix has equal numbers of rows and columns, eg a2x2
or 3x3 matrix (as A above).

e A matrix may be transposed if its columns are swapped over with its rows.

2 1

2 -3 0

e.g.ifA=| -3 0|, the transpose of 4, A’ (orAT)z(1 0 4)
0 4

13
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e In square matrices, if A' = 4, the matrix, 4, is symmetrical.

Also, if A" =—A4, the matrix, 4, is skew symmetrical.

(see-page 4 of Mid-AH3).
Simple Matrix Operations

Addition/Subtraction Example .
= (23 %
Only matrices of the same order may be added or subtracted. A ( Ly ) B' (‘ L % J
.—l O - -
This is done by adding subtracting elements in the same position. A’HS - iZ %‘ ) 4 (3 6
“
20/ 1 3)
= (71 4
Multiplication by a Scalar % 7}
6 3
Any matrix may be multiplied by a scalar. Simply multiply each element by
the scalar.
Example

1 O -
If 4 =( ) J and B = (3 3) , calculate the matrix 24 — 3B.

o
—

A -3B - Z(lo _38'3\

2 - O l}

= (ZO _ (q -q

4 ) 0 3)
= "'7 q
-4 |

Exercise MiA AH p228-230 to read
MiA AH p231 Ex 13.1 Q 1(a, c, d, j), 3(c), 4(f), 5,7, 8,9, 10

14
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“Simple” Matrix Algebra

The following results can be easily shown for matrices :-

o the commutative law: A+B=B+A4,
but A— B # B— A as we would expect.

e the associative law: (A+B)+C=A+(B+C)=A4A+B+C

o the distributive law for multiplication by a scalar :

k(A+B)=kA+kB

¢ note also: (4)Y =4
(A+B)Y=4'"+B'
(kA = kA’

Exercise: MiA AH p232 Ex13.2 (%0% OP cbove. ! )

Multiplication of Matrices

Remember that matrices can be thought of as tables containing information -
much like a spreadsheet in fact.

Imagine that a cinema has three different screens: A, B and C. On a particular
day a group of 18 people plan to visit the cinema. The make-up of the group
and the screens they plan to visit are shown in the table :

Screen Screen A Screen B | Screen C
Adults 3 4 5
Children 2 1 3

3 45
This information may be put in a 2x 3 matrix as follows : ( ) 1 3J

15



Advanced Higher Maths : Unit 3
1.1 Applying Algebraic Skills to Matrices and Systems of Equations

At this cinema the price depends on what time of day you visit, summarised in

the table :-

Costs (£) Adult Ticket Child Ticket
Morning 4 2
Afternoon 6 3
Evening 8 4

4 2
This information can be put in a 3x 2 matrix as follows :- [ 6 3
8 4

The costs for each screen, depending on what time of day that the group visits,
could be calculated from this table :-

Costs (£) Screen A Screen B Screen C
Morning 4x3+2x2 4x4+2x1 4x5+2x3
Afternoon 6x3+3x2 6x4+3x1 6x5+3x3
Evening 8x3+4x2 8x4+4x1 8x5+4x%x3

We can see this is the combination (multiplication) of the 2 matrices in

particular order, prices first:- \
(W Jal -
@\ b \ O
4 2 3 4 5 4x3+2x2 4x4+2x1 4x5+2x3) (16 18 26
6 3 (2 . 3J= 6x3+3x2 6x4+3x1 6x5+3x3|={24 27 33
8 4 8x3+4x2 8x4+4x]1 8x5+4x3 30 36 52

R ua3 ¢ ol |
From the result we can see that multiplying these matrices like this allows us
to see the cost for each screen, depending on the time of day, for this group,
at a glance.

Care must be taken when multiplying matrices :-

e order is important

e  “multiply rows into columns”

e matrices can only be multiplied together if the first matrix has the same

number of columns as the second matrix has rows.
Such matrices are said to be conformable.
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The diagram on below will help you grasp how to go about matrix multiplication.

For multiplying two 3 x 3 matrices together start as follows :-

a b cYj k 1 axj+bxm+cxp axk+bxn.... axl+
d e f|m n o|= dxj+....
g h iAp qr gx

In general, if we multiply a m x nmatrix by a nx p matrix we end up with a

mx p matrix. - (V> Aprve

(See MiA AH page 235 for a nice explanation involving dominoes)

Examples

Calculate the products of the following pairs of matrices :-

2 1¥(1 2 20 4 2 o
( J( ) 2. 1 —1( _) (3x2) @x1)
1 3/{3 4 0 1
3 0 Kbgd'o)
.
SN ETTOY (60 w0 .
lv4 2tk Ht0 -2
Lo -610
- ) § )
(‘0 | = 6 *U
“ T
1 -6

Exercise :- MiA AH p235 Ex 13.3 Ql1(a)(d), 2(a,d,f,g,k,m,p), 3, 4

17
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Properties of Matrix Multiplication

The following rules hold for matrix multiplication :-

In general: AB # BA the commutative law does not, therefore, hold.

(4B) = B'A’ the transpose reversal rule holds.
A(BC) =(AB)C the associative law holds.

A(B+C)= AB+ BC the distributive law holds.

Identity Matrices, ()
When we multiply a number by 1 (unity) it is unchanged.
For a matrix to remain unchanged on multiplying, we must multiply it by an identity matrix.

An identity matrix is one in which all the elements of the leading diagonals are 1 and all other
elements are 0.

1 0
For a 2x2 matrix, ] = (0 J. For a 3x3 matrix, / =

(=
S = O
-0 O

Orthogonality

A matrix, 4, is said to be orthogonal if :- A'A=1

Powers of a matrix can often be found as shown in the example below rather than by repeated
multiplication

18
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Example

-2 2
(a) Given that 4 =( . 3] , write 4 in the form cA4 +dl , stating the
values of ¢ and d.

b) Hence determine A’ in a similar form and ultimately as a single matrix.
g

6 A% AA

)G
i) eV
= A+8L =l (-

= Att AL
= AY8T + SA
= 9A1 8T
= q(-z 2|, (8 0
G 0 &
= [-l0 18
q 35 )
Exercise :- MiA AH p236 Ex 13.4Q 3,8 + Read the summary

P238 Ex 13.5 Q 1(a), 2(c), 6, 10, 14, 16

19
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Determinants of Square Matrices

By forming an augmented matrix and performing ERO’s on the following system of 2
equations in 2 variables:-

ax+by=e a b e
cx+dy=f c d f

o MiA

de—bf and =af—ce (see-MiADnit3: 15)

we calculate ;- x= y
ad — bc ad — bc

Obviously solutions for x and y are only possible if ad —bc # 0

For 2x 2 matrix, 4 =(a

b
dJ , this is known as the determinant of matrix A, and is
c

written :-

Note that :-
*  Only square matrices have determinants

=  The determinant of a matrix is a value.

Exercise:- MiA p240 Ex 13.6 Q 1(a, ¢, ¢, h), 2, 3, 4(a, ¢)

Considering the system of equations :-

ax+by+cz=r a b cr
dx+ey+ fz=s , thecorresponding augmented matrix, 4= |d e f s|,
gx+hy+iz+t g h i t

and using ERO’s as before, we can find the determinant of a 3 x 3 matrix,
such that :-

/_\/VW\/'\'\

d
detd = o f.—b’d Nad? e

a ] a(ei — fh)—b(di— fg)+ c(dh - ge)
h i g i g h

doeomnay of W and Yb go t —4
maf"/i"mtéw clumn b

dnd olum @ 13 S I o
In are clolgkecl Av.\r&a
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(\ It is probably impractical to remember this, but the following diagram helps calculate

a b ¢
the determinantof 4 = |d e f
g h i

®*  Write out the elements of the matrix twice ;-

l&l\([’.

* Add each product going down from left to right

* Subtract each product going down from right to left

Thusdet A = aei + bfg + cdh — afh — bdi — ceg

Example

1 21
Calculate the determinant of the 3x 3 matrix, 4 =|-3 0

2 1

L3 L 4

detA - I‘O U’~z(-s u'«u -3 0
- (o) - (8] Fi(3~0)

= -4 430 3
- 27

Exercise:-  Scholar Unit 3; Section 12.4.1 (or online exercise);
MiA AH p247 Ex 13.9 Q 4, 6, 7, 8(a)(b)

21
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The Inverse of a 2<2 Square Matrix

Any rational number, %, has a multiplicative inverse, 2 such that % X 2 =1.
a a

Square matrices have inverses, such that for a matrix, 4, and its inverse 4",
A. A" =I the identity matrix.

0

Remember, fora 2x2 matrix, /= [0 i

N———

for a 3 x3 matrix, I=

oS O =

0
1
0

-0 O

How do we calculate 47 ?

b
Fora 2x2, A=(“ ] let A= (” q)
c d r s

If A A" =
:>ab pq=10
c dj\r s 0 1

N ap+br aq+bs) (1 0
cp+dr cq+ds 01

hence ap+br=1........ (,l_g
ag+bs=0........( 2
cptdr=0........ )
cgtds=1........ (ﬁ)

By re-arranging equation 3 and substituting into 1, and re-arranging equation 2 and
substituting into 2 (see AH$, pages+6;17) we can work out that :-

putjaue .
= d =_ b r= 4 - a
P ad-bc’ 1 ad -bc’ ad—bc’p ad — be
d b
thus A7'= P 4|_ | ad-bc ad-bc| _ 1 d -b
rs ¢ a ad—bc\-c a

—ad—bc ad - bc

22
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Summary :-

moke. ngahue ah tlg;m J

Fora 2x2 matrix, A= L T 1 d b
c d ad-bc\-c a
e chone. fond bt G s
d b GHA - dt%(n&)-
( ) is called the adjoint or the adjugate of A and written adj(4).
-c a

Hence A7'= adj(4)

det(A)
note that :- if ad —bc# 0, thus det 4 = 0 or |4] # 0, 4 is said to be non-singular and X
invertible. ¥ -
A singular matrix is one in which ad-bc =0 ¥ % &ng\i(],f mab‘/x
2 dikA=0

Example

If 4=

2 -3
(1 0 ], determine the inverse matrix, A4~'.

23
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Example

For the invertible matrix, B, B* = 3B-I, prove that :-

(@) B>*=8B-3I  and (b) B' =3I-B.
@) B = b pt
> B(38-I)
= 3%}.-3
-3(38-1)- 8
= qQB-3L-B

= 8b-3T os g ured.

(b) B~ = 3B-T

B- 38 T
I
B(3-B) =T

sne BB =T
bl =318 as repured

Exercise :- MiA AH p243 Ex 13.7 Q 1, 2, 3(a)(2)(k)(q), 5, 6, 8, 10, 11
P244Ex13.8Q1,2,5,6,8,9, 12

24
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The Inverse of a 33 Square Matrix

The inverse of a 3x3 matrix can be found as seen previously, 47" = Zdj((j)) but in practice
this is very difficult to calculate.

It is much easier to use ERO’s (as used in Gaussian Elimination) and the identity matrix, Z, to
convert the augmented matrix (A|I ) into the augmented matrix (I |A" )

Use the following procedure :-

1 00
* Construct the augmented matrix | 410 1 0
0 01

» Use ERO’s to reduce matrix 4 to I.
®» Perform the same ERO’s on both the left and right parts of the augmented matrix.

® When the left of the augmented matrix is /, the right of the augmented matrix will be

A7,
Example :-
4 -11
Determine the inverse of the matrix, 4=| -1 2 3| and hence solve
3 -11
the system of equations :-
4x-y+z=1
-x+2y+3z=0
3x-y+z=0

T I T TG S
-1 2 3 O | o0
3 Tl o 0 |

9” ﬁm (‘%ng)% A Opstiins .

u - 1 I 0 o
attl | 0 7 1B |1 u 0O
W-3, 0 =t L |3 0 Y



N -1 [

Q T i3
31 R, 0 0O 20
208, - ¢,
b 2)_ ‘325
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| 0 o
l L 0
200 4§ 8 /

1

5602' | O 0 | 0 _y
W ke LI I B G
L p O o | I 1 8
20 ' . 1

- o =l

% A ( -

Sy

S
5 5
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- B
Exereise :- MiA-AH3; page28;Exereise-8
ran ation Matrices

A point, P (x, y) on the coordinate plane may be transformed in several different ways:-

Translation :- a slide across the plane
Rotation

Reflection

Dilatation :- a scaling

Given that the point P (x, y) can be represented by the matrix (x
y

transformation P (x, y) —» P’ (ax+by,cx+ dy) = P'(x',y"), we can see that transformations
may be represented by matrices :-

"=ax+b ! +b b
x=awoy becomes o P i P o , which shows the
y' =cx+dy y' ex+dy c d\y
position vector of P'is obtained by pre-multiplying the position vector

. (a b
of P by the matrix ( J
¢ d

] , and that under a linear

In General
Example :-

Determine the image points of the triangle with vertices A(1, 1); B(2, 6) and C(-3, 0) under

3 -1
the transformation associated with the matrix (1 0 J .

AG), 1) (f g‘)(: ) - G) A 2)
ey (3913 (5) $ 0
e(3,0) (3 —l) 3 :‘q) c'(a-3)

\ 0 0 =3
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A transformation matrix can be constructed by finding the images of the 2 points with co-
ordinates (1,0) and (0, 1) — see MiA AH3,.page 30 250

Example :- Construct a transformation matrix for the reflection in the line y = —x and
hence find the image of the point P( -2, -3). " -
g p ( ) (Lo - @® )

/\8 0,‘ _ ,
L (0,1 ©4)= (10)

Exercise :- MiA AH3; page 32, Exercise 9A, Q1-6.

Rotation (about the Origin) Matrix

For any rotation of a point P(x, y) of angle 8 about O, the origin, the matrix :-
(cos 6 -—sind

. is used as a pre-multiplier.
sind cosf

Reflection Matrix

For reflecting a point P(x, y) in a line through the origin, which makes
cos20 sin29 J

sin2680 —cos260

an angle of @, —90° <@ <90°, the matrix :- ( is used

as a pre-multiplier.

Dilatation Matrix

A0
The point P(x, y) may be “scaled” by pre-multiplying by the matrix :- (0 J
H
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Exercise :- Scholar, Unit 3, Section 12.6 — do all examples including the rotation, reflection,
dilatation and general exercise

Composition of Transformations

Transformations can, of course, be combined and consequently a matrix for the resultant
composite transformation can be constructed.

In general, order is important.

Example

1. Construct a single matrix AB for the transformation associated with reflection in the line
y = —x, followed by an anti-clockwise rotation of f about the origin.

2. Repeat 1. for a matrix BA associated with the same transformations in the reverse order.

3. Find the co-ordinates of the image of the point (1, 3) under each combined transformation.
O Fon pewo oxample  radion 10 lne y=-x  has oA (35‘)
) ng )
ankloduuse ol dF ( g -onl
ol @

(

3
)

-

29



Advanced Higher Maths : Unit 3
1.1 Applying Algebraic Skills to Matrices and Systems of Equations

W®  P(1,3)
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