Advanced Higher Maths : Unit 2
1.4 Applying Algebraic and Calculus Skills to Properties of Functions

FUNCTIONS

Revision
A function from set A to set B maps each member of A with exactly one member of
B. .
A -4+ B
Eg A
Set A is called the .. (YOMAU . Set B is called the....(0OMGiN

The range is {lIQIQS CQ'B'Q VCdUCS OP P(/X))

Most functions have the set of real numbers R for their domain and codomain. They
can be represented graphically.
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Advanced Higher Maths : Unit 2
1.4 Applying Algebraic and Calculus Skills to Properties of Functions

Example
What is the largest possible domain for the following functlons ?
(@) f(x)=(x+2) () /()= 5
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Advanced Higher Maths : Unit 2

1.4 Applying Algebraic and Calculus Skills to Properties of Functions

Learning about

The Modulus Function

|x| means the magnitude of x or modulus of x.
We ignor the sign of x.

|7|=7 |-7|=7
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1.4 Applying Algebraic and Calculus Skills to Properties of Functions

Learning to make simple

Simple Transformations

1. y=1f(x)+c is y=f(x) translated (moved) a distance c parallel to the y-axis.
2. y=f(x—¢) is y=f(x) translated a distance c parallel to the x — axis
eg y=f(x—-2) moves f(x) 2 units to the right
y=f(x +2) moves f(x) 2 units to the left.
3. y=-1(x) is y=f(x)reflected in the x — axis.
4. y=1f(-x) 1isy = f(x) reflected in the y — axis.

= flax) isy = f(x) squashed up a times. N x-direchy e (p/ (Z ) = (5 JCZ)
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1.4 Applying Algebraic and Calculus Skills to Properties of Functions

Learning about

Inverse Functions y = /' (x)

For a function from set A to set B to have an inverse the sets A and B must be in one
to one correspondence ie. each member of A corresponds to one member of B and
each member of B corresponds to one member of A.
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Finding a Formula for an Inverse Function

If y=f(x) then f'(y)=x

To find an inverse function let y = f(x) and rearrange to make x the subject.

Example
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oe g X % Change. Sub) X
loe " s x S

At 3 fothply oot

N T Y T L o

hyx-y (gl A fogdhe
5



Advanced Higher Maths : Unit 2
1.4 Applying Algebraic and Calculus Skills to Properties of Functions

Aly-i) = -3y \ fadonse

. ~‘3g[
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Py - 3% chang all ellers T X
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Graphs of Inverse Functions

The graph of y= f7'(x) isareflectionof y=f(x) intheliney=x

Note domain of f=range of f '

Range of f = domain of

Example

Consider f(x)=3x-2.  Sketch the graph of y = ‘f "(x)l
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Sometimes functions can only have an inverse if we restrict the domain.

Example
et 'Y e oy Mo an
i EJ. \ J (nvere. Rnchin
= > X i elner X 20
of X0
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IP We choose domain /Y 7,() @[&pm hu,) QL IWWCRL .

Graph of inverse function is a reflection in y = x &)"".Xz‘
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Inverse Trig Functions

f:x ——> sinx
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Advanced Higher Maths : Unit 2
1.4 Applying Algebraic and Calculus Skills to Properties of Functions

Inverse Cosine

Restrict the domainof y=cosx to 0<x<=x
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1.4 Applying Algebraic and Calculus Skills to Properties of Functions

Note

fIxl

A Con ke
(ny real Nuvkir

7

B (L) nt pesible

b o'

By

© sn (snT)
VR
N
T
& on (s 3r)
=S
= T

L

= m ¥ X = @ |
R oo Mo W belweon

ii‘ and It ndwsive

ae bohween I ol T
(s} or Nlh/

ra o ok behwey 0 andw
© P ISt Cr 2n)
$)aA
e
G gf
fant ISk or L
'E@
> feom [anges.
SN ISk or (il gr(& ¢r
fantx sk or Luih ‘H_C@ ¢ IF

» enember - Siv(Siny) fOY for- al
et \Cilues



Advanced Higher Maths : Unit 2
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Even and Odd Functions

Even Functions

f(x) is an even function if

f(-x) = f(x)
Example
g(x)=4x>-3 2
RQP\Q(Q X b}'a’) (%)
gl Tk
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:8[A) 0 g s even
T

" Graphs of even functions are ‘ j ba) \’ Hlﬁ (. -O/XB ¥
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Odd Functions

f( x )is an odd function if

f(-x) = -f(x)

Example

3
X —X

Show that A(x) = is an odd function.

h(-x) = (”X\% - (A
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1.4 Applying Algebraic and Calculus Skills to Properties of Functions

Tips for success
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1.4 Applying Algebraic and Calculus Skills to Properties of Functions

Stationary Points and Their Nature

For Stationary Points Z—y =
x

Nature
e Use nature tables (as in Higher)

e Or use second derivative (usually quicker)

.i
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2. Find the stationary point on f(x) = x” and its nature.
P = S
e shahen i ) =0
IC 053 pe B
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1.4 Applying Algebraic and Calculus Skills to Properties of Functions

Examples

1 Find stationary points and their nature for the curve
y=x+3x"-9x +6

dy  2a2i fae
d—/x-aaﬁéxq

Siohnany ponts Wi gj_g( =0

39 =0
3(%t2x-3)=0
3(X+3)(x-1) =0
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More About Points of Inflection ~ (cr Inflexitn)

We have already considered stationary points of inflection
Y _gana L7 -
dx d?

=0

X

o Use table for z—y to check shape. o \GO&_ ﬁ‘é}d\w\q@. OP Sgyl_ \

5
It is also possible to get oblique points of inflection. L

For oblique points of inflection
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Find the coordinates of the point of inflection on the graph y = X2+ X.
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1
2. Show that there is a point of inflexion on the graph y = 2x* atx =0.
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1.4 Applying Algebraic and Calculus Skills to Properties of Functions

Asymptotes
Graphs of rational functions have asymptotes.
. 1
Consider the curve y =—
x
3 .
X -5 -5 -l L0t 3 L35
i\ = -4 -\ - B N ' ;
gexl % 3 2 e ko213

The x and y axes are Cl%m P fOb'L‘S

The curve gets closer and closer to
these lines but never touches them.

v
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There are three types of asymptotes.

Type 1 Vertical Asymptotes

These occur when the denominator is zero %‘

Example
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1.4 Applying Algebraic and Calculus Skills to Properties of Functions

p Find the vertical asymptotes and approach for y =— :
x"=3x+2

. 3
J (%-2) (%)
berhiol asymproks  (X1)(%2)<0
A=l and X=2

appuath
X ek oe sepaott fubes for @idt aynpioc
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¥ B - = ¥
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o
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Maths in Action Book 1 Page 109 Exercise 9 Question 1
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1.4 Applying Algebraic and Calculus Skills to Properties of Functions

Type 2 Horizontal Asymptotes
Type 3 Oblique Asymptotes

To find either horizontal or oblique asymptotes divide out the function first if the
numerator is the same or higher degree than the denominator, and then consider what
happens as x —» o

Examples
Find horizontal or oblique asymptotes and their approach for the following functions

S x Pouer on fop same o highur dogree oS bottons
b 5 DIVIDE OUT FIRSE

ALt 3N 3
j’XLL)) SG 8 - 5 - 'XIH
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A xata 423
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X T g X |
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L S0 Y= B oan obgee
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oppeach = Xt~ 2 w//g*”

A KO a Y= &H - Q litfle bit n
X2 XH + o LI .
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Note
A curve can cut a horizontal or obhque asymptote but not a vertical asymptote

AN Tlve of x_ when )
o m e s nat cifreq]

A curve only has one horizontal or oblique asymptote.

Tips for success .....
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Maths in Action Unit1 p110 Exercise 10 R pT6 Ex500

Learning about

Sketching Rational Functions

Method 1. Find where the curve cuts the x-axis and y-axis

1
2. Find any vertical asymptotes and approach.

3. Find any horizontal or oblique asymptote and approach.
4. Find stationary points and nature.

5. Sketch
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Example

Sketch y = X +4x+7

showing asymptotes and stationary points.

x+1
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Example
Sketch the function y = X -2, 1
(x+2)(x-1)
b X-0x U0 2 A0 (0,0)
k X =0
b Y- X=0 9,0 _(0,0)
il aynpiokes. (X42) (x-1) 0
AL o X I
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d - (a0 ) - (%) Lxi)
o

(et x-2)+
o b= (L =2xE §2-A)
(X HX-2)¢
e
QQH"’X'L)L
= (x-u)
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AxU)0
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Tips for success
o Differenhoty Bm diwcded @b foom = (mich eaay)
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Continuity/Discontinuity

Not all functions are differentiable for all x. If a function itself is not
continuous, clearly it will not be differentiable where discontinuities occur.

(a) Consider the graph and function y = tanx. Where is y = tanx not
differentiable in the region—% <x<Z 9 Why?Is y = tanx differentiable over an

interval ? If so, what is this interval ?
AY ' ot diRreahable  when

' N=-T T
/..

(sin@ not clefned hore)
Ytk s difRrenable

' for ‘L[cv(dz

(b) Consider the graph and function y = x . What happens to the gradient of

the tangent to the
curveasx > 0? Is y = 3/x differentiable at x=0 ? Explain.
1 A Y X
S
Va3 2%
1 3 .
a3 N
Y at X=0
3yxr grdant > o

N i whea X=0
SOIE 3J% 15 nok difforenhable
ar X=0.
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(c)

Differentiability of a Function

This can be understood in terms of tangent lines approaching a point from the
left and right.

As tangent lines approach from the left and right, the gradients of these
tangent lines should approach the same value. The function should be
‘smooth’ and ‘curvy’ at the point in question.

Theorem:

A function is differentiable at a point if and only if both the left-hand and right-hand
derivatives exist at that point and are equal to each other.

Thus, to determine if a function is not differentiable at a point, it suffices to
show one of the following

(1) The left hand derivative does not exist: 3 f'(a)

(i)  The right hand derivative does not exist: 3 f'(a)

(iii)  If they exist, they are not equal : f'(a) # fi'(a)

In terms of the graph of a function, this usually means identifying a sharp
corner (aka ‘kink’) or an endpoint (at an endpoint obviously one of the
derivatives won’t exist).

Determine where the function f defined by

x, 03

f("')z{ 3, x>3
Is differentiable and where it is not differentiable.

First sketch the graph of f.

Ay o ot DifReven heible
{ R 0cxel
ad X723

ok (ffreuble
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Extrema of a Function

It is important to be able to identify the maximum and minimum values of a function.

Definition:

On any given function,

Critical points occur when either f'(x) = 0 or f'(x) does not exist.

Definition:

Maxima and minima of a function are known as extrema

VNN .
« Global. \ il c‘tz%c:f;
Va4

mux i

There are 3 types of extrema. | ot o du
* Endpoint. - b not .e—’ @
e Local. 4 } W QU

W“%h‘p*}!%‘”mﬂ@
W

Theorem:

All local extrema occur at critical points.

Theorem:

Every global extremum is either a local extremum or endpoint extremum.
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Example

Classify the extrema for the function f with the graph shown.

The small circles indicate the extent of where f is defined. The white circle means

that the point is not in dom f, whereas the black circle means that the point is in dom
f

Let’s analyse the labelled points in turn. Remember, all extrema occur at critical
points.

A s oot doman > wb oo cohal pnt
B % o gobal mmgn pont. (P dos ot exut)

C 15 o conek pant (64X does k@ oxdt) . s e lced QD(\\“emwn
) 15 a o pant sne PO dws ol ek ks 0 S -
Eos o Cnhal paety F2)-0 ) IF s a gobal dummiin

F oo Cohwl purt - BV does et exph, IF B a loced i,

G 5 o Crical ponk 2 £UA) dors nef exut [ s an endpont
MmN .
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Panls  and Thar Natue.

Find the stationary points on each of the following curves and

determine their nature:

1y=x>—6x 2f(x) =9 — 2
4y=73x—x3 5 f(x) = x(x — 3)°
Ty=x3(x-4) 8 f(x) = 2x% — 352

3yp=(5-x)
6 y=x3—12x+3

—-x+5 9y=x'Q2-x)

ot 1D

D= - - LT I N

(3. —9)ymin. TP

(0. 9) max. TP

(5.0) min, TP

(=1, =2ymin. TP: (1. 2) max. TP

(1. 4y max. TP (3. 0y min. TP

(=2, 19)y max. TP: (2. = 13) min. TP

(0. Oy talling point of inflexion: (3, = 27) min. TP
(1.15.2.92)y min. TP: (- 0.15. 5.08) max. TP

(0. 0) rising point of inflexton: (1.5, 1.69) max. TP



