Advanced Higher Maths : Unit 1
1.4 Applying Calculus Skills to Solve Differential Equations

DIFFERENTIAL EQUATIONS

Solution of First Order Differential Equations
Differential Equations

A differential equation is an equation containing a derivative (or differential quotient).

e.g. y? +2xy =x is a first order differential equation
x
d’y fy . . . . )
— -3 +4=sinx isasecond order differential equation

dx? dx

To solve differential equations :-
s we find a function y which satisfies the original equation

" we use integration

Differential equations may have a general solution :-

e.g. d—y= 2x+3
dx

:jdy=j(2x+3)dx

=>y=x"+3x+C

or the same differential equation may have a particular solution, if initial conditions
are given :-

e.g. Solve d_y =2x+3, given that y=6 when x=1

dx



Advanced Higher Maths : Unit 1
1.4 Applying Calculus Skills to Solve Differential Equations

nkgate  y= j[%(’r&) X

Y- Ry 3X
W =17 y=6 S0 6:0[;3%

Sohoi URKSERR!

Maths in Action Book 2  p74 Exercise 6 Questions 1(a) , (d) , (e) , (), (j) , (k)
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Tvype 1 - Variables Separable

If the parts of the differential equation involving x and y can be separated from each
other to give

dy _ oo
e S(x)g»)

then We can reart give
S U S TN
J Sl(ﬁﬂ g( )_ f(x)dx al xs ot Side
and integrate both sides.
Examples

1. Solve
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2. Find the general solution of Y _ e’ giving y in terms of x.

dx
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3. Find the particular solution of x” Zy =1, given that y=3 when x=1.
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4. Find the particular solution of Z—y =xy —2x, given that y=5 when x=0.
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5. Find the particular solution of (1+ x” )—— =4¢”, given that y=0 when x=0.
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Maths in Action Book 2 page 74, Exexcise 63-Qle 27 Q2¢ e Q4.
page 76; Exercise 7; Qlc, d, h; Q2a, b, e.

W page 77; Exercise 8; Qla,c,e, g, h; Q2, Q3, Q4, QS5,
Q6, Q7, Q10.

Type 2 Linear First Order Differential
Equations

Linear first order differential equations are those that can be written in the form

N &«‘5 A Oy
d_+ P(x)y = O(x) where P(x) and Q(x)

b \-@m Wln) are expressions in X.
g% p \08

D\ Py = )
dx

How to Solve

We multiply through by e®  where R = I P(A)dx

R ol of y

This gives e’ Z—y +e"P(x)y = e"Q(x)
X

The left hand side is now an exact derivative.

%(e" y) =e"0(x) C% [Q'KH)
¢

Integrate ey = IeRQ(x)dx+ c Sthe ")2 PWM/
dh _ p(x)
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Note e® converts the whole of the left side into the derivative of the one function and
¥ itis called the integrating factor.

Learn

Method 1. Put the equation into the form Z—y + P(x)y = Q(x)
X

2. Multiply through by eI reo

3oW U s g (Q;&%L ool Py . b Igeh

Examples
1. Solve A y =1
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2. Solve xd—y—(x—Z)y=l
dx X
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3. Find the particular solution of

x(x+1)fl—y+y =(x+1)’e" giventhatx=1wheny=0
X
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Tips for success
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Maths in Action Book 3 Page 114 Exercise Question 3
Page 116 Exercise 2 Questions 1 (a),(b),(d) , (e) Q2, Q3,
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Applications of First Order Differential
Equations

A large number of situations where rates of change are involved can be modelled
using differential equations.

Common applications include :-

= Populations: growth and decay

= Law of cooling: where the rate at which an object cools is proportional to the
temperature difference between it and its surroundings.

Given the situation we must first construct a model (in the form of a differential
equation) and the use the usual procedures to solve.

1. Remember%means ['@\Q O(D CMW)Z OP \_\5 W,h X

2. Rate of change of P with t varies directly as t means

dat o d - bt P= ansk
& d b ( )

3. Rate of change of Q with r varies inversely as r means
Ay L v @-k
ar T & T
4. For motion of a body in a straight line
V- a= Qv
ct i
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Example 1

The rate at which a radioactive material decays at any instant is proportional to

the mass remaining at any instant. Given that there are x grams present after ¢
days, the differential equation in x is modelled by :-

E
dt

The half-life (i.e. the time taken for half the mass to decay) of the radioactive
material is 25 days.

Find the time taken for 100g of the material to decay to 20g.

dx = - bx

- —

d |
dx - - bdt

x
-- dx - [ -ka
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Example 2

An infectious disease spreads at a rate which is proportional to the product of the
number infected and the number uninfected.

Initially one half of the population is infected and the rate of spread is found to be
1 :
pr of the population per day.

Calculate the proportion of the population which will be infected after 12 days.
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Maths in Action Book 2 page 81; Exercise 9A; Q1, 3,4, 5,6, 7, 8, 10.
page 83; Exercise 9B; Q1, 2, 3,5, 7, 12.
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Solving Quadratic Equations when the
Discriminant is Negative

We define +-1=i

oz V-4 =4x-1 —81 =/81x+-1

=2i =9i
These are called imaginary numbers.
Complex numbers have a real part and an imaginary part. eg 2 + 5i
The set of complex numbers is denoted by C
All quadratic equations can be solved if we use complex numbers.

Example
Solve x?+2x+5=0 LUI“\ Ne
as= | b=2 ¢c=5
X= -b2 Jb-Gac
20

, 6 -81
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Second Order Differential Equations

2
“Simple” Type:- i.e. d 31 = f(x)
dx*
Solve these by integrating twice.
dy
e.g. =Xx"
8 dx’
3
S22y
§ Note that like all 2" order differential
4 equations the solution MUST have 2
=y= ;_2 +ex+d arbitrary constants.

Second Order Linear Differential Equations

S % &t be there

In general, these take the form :- a—= d’y +bd +cy = Q(x)

® a0
bt dy &Y @
(a) Homogeneous 2" Order Linear Differential Equations C \)Q, M ;g

Initially we will concentrate on the case when Q(x)=0.

This is known as a homogeneous 2" order differential equation:-

equation (1)

The differential equation bj—y + ¢y =0 has a solution of the form y = 4e™
X
bdy = ¢y
&
y= Ae ny d&s . "L d/x
:> d_y = AmeHL\ \9 .'B
dx Any- AY% axk
= _3) — AmZenL\' T ‘—k
dx” - e th
éﬁ b - % ’x
y= &€
9 M
Ys e
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2

Substituting Z—y and ‘2—? into the original equation (1), gives :-
X Ix”

adm’e™ +bAme™ +cAde™ =0, dividing all by 4e™

(assuming Ae™ #0)

we obtain am®> +bm+c=0

This is known as the Auxiliary Equation and its solutions for m provide 2

values of m which make y = 4e™ a valid solution for our original equation (1).

Distinguishing between the 2 roots of m using m, and m, give us 2 solutions for
equation 1.

s b+ bdy g g er : u bt M+bin
Codixn O + M yoy=0 s cuxigy @pth @ *b:fé

The roots of the Auxiliary Equation may take 3 forms :-

(i) 2 real distinct roots (b° —4ac >0)

m = m, and m, and the general solution of equation (1) is :-

Qi,ief‘ + Be™* %

S

Equal roots (b* —4ac =0) 3

m = m, (twice) and the general solution of equation (1) is :-

y = Ae™" + Bxe"" )= (A + Bx)e™" see AH3 page 119

2 complex roots (b’ —4ac <0)

m=m, and m,, but m, and m, are of the form p+gi
and the general solution of equation (1) is :-

\ y = Ae™ cosgx + Be™ sin gx) see AH3 pagel21

16
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Example 1

Find the general solution of :-

Aol ) M= m-6 =0
© (1 3)(n-2) <0

m=-3 c m=2 (2 dohuct rwk)
(el sdlohg
= A B

17
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Example 2
Solve 2 12% 15,0
b dx

axigy eguwht My it S50

cient fdone > U guudmhe g
m=-bd Jb-lac a=l b=) -5

20
M= -2+ Jamso Fb =ioA
2 -
ms —2& (¢
2 Magnan) humhets
YT =t

(eum| Slohin
Y= Al ixt By

Maths in Action Book 3 page 119 Exercise 3 Question 1(a) (d) (e)
page 120 Exercise 4 Question 1(a) (d) (e)
page 122 Exercise 5 Question 1(a) (d) (e)
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Example 3
Given y(0)=2 and y'(0) =9, solve the differential equation:-

Y _6Y ,9y-0.

dx? dx
auxlany eguhiy
m-Em+ Q=0
(m-3) (n-3) =
Mn=3 equil ook

(lenartl eyuuhw ]
Y: Aodxt Bxed (¥

8(0) -2
\éf X=0,Y=2 o 1A

W (0) -4
Q‘C( M0 dy =g Dok G |
0 dy e B 30t pesx
ik e
Wt -0 C—Q 24 B 9 3ANR
q- £+
B=3
CELU\“C?) \9: Qﬁjxf B_XQS’X

Maths in Action Book 3 page 119 Exercise 3 Question 2(a) (d)
page 120 Exercise 4 Question 2(a) (d)
page 122 Exercise 5SA Question 1(a) (d)
page 122 Exercise 5B
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General Solution of a Non-Homogeneous
Equation

We are now going to consider solving second order differential equations of the form

d’y . dy
——+b-*+cy= 9 DT 1
a L. cy = f(x) (1

First we find the general solution to the corresponding homogeneous equation

d’y . dy
A——+b—+cy =0 s 2
dx’ dx Y @)

The solution is the form
y = Ag(x) + Bh(x)

This is called the complementary function C.F.

Second we find a particular solution (particular integral) P.I. of the non-
homogeneous equation (1)

y =P(x)
The general solution we want is

y = Ag(x) + Bh(x) + P(x)

or

20
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How to find the P.1.
Look at f(x) the right hand side of (1) and choose the correct P.1. from the list.

f(x) Correct form for P.1.
y=Ce” (pnot aroot of the auxiliary equation)
e” y =Cxe” (p anon repeated root of the auxiliary equation)
y=Cx’e” (p arepeated root of the auxiliary equation)
Hcospx + Ksinpx y = Ccospx + Dsinpx  but if this is already the form of the
C.F. then use
(or either of these by y = x(Ccospx + Dsinpx)
itself)
linear function y=Cx+D  (m=0not aroot of the auxiliary
px+q equation)
y=x(Cx+D) (m=0 anon-repeated root)
quadratic function y=Cx*+Dx+E (m=0 not a root of the auxilary equation)
rx2 + px +q
y= x(Cx*+Dx+E) (m=0anon repeated root)

Finally substitute your P.I. as chosen above in the original differential equation to
find constants C and D. '

21
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Example
Solve 'd—z;+3ﬂ+2y=4x+4
dx” dx
avdlay QCﬂUUhln
met 3m+ 2=0
(e 2) (mA) =0
M=—2 & M= -

Q. F 3 = AQ’Z’K 1 BQ“/X

pT  Cosider PHS= Wi (g
‘TM VERURS.

dy -0
G/.XL .
Stk Wit %L + 3%3 oy bl
0+ 80+ 20Xt 2=
Fputty  Goeliivers
OV N (LR G VR R (y

X e 2=
C=2
bt 2 =l
n® a7
D=
pT Yy X

(penk ok Y= CFr 1
e AT B4 2x |
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Example
Solve d_y+6dy+10y 30sin2x
dx? dx

Ouou\aM QC/VUh(;\ \
met oM+10 = 0

m = -b2 Jet-lac
2
. 13640
2.
m- —£22(
2
:_3}_(_

¢F Y- ACaat+ B XSing
pT hook G DI = 308 2%
My Y- Cam9x 4+ Jsin 2%

X fj\ most have bd'h ‘h‘\J bik .

%} = =20 2X 1 2) @2y
% ol 2x- WDsn 2k

SUshiot l‘m - N
LAy iy = 30512

G
S a2+ WS 2= RCSIA T W@ 2% + [0 LK

+ R0Sih)x = 30Sh2x

(@) -G HOC-
b HC =0
C= - 23
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(5 2% ) - - RCHOD= 30
—D+ 2ub+ pp =30
30D - 30
D=1
(=-2

p T K =200 2X 1 SIn24

(et Solohen (Y= CFHPL
Ys A M+ deSina— st i ox

Example
Find the particular solution to the equation
d’y _dy A
-3—+2y=¢
dx’ dx Y

giventhat x=0,y=1 and d_y=2
dx

lau @t e 3t 220

cwxu\% egua\n Cvrm) {?nt l2) °
m=2 o =]

@3 'R AeXy ReA

C

PI T{Lj Y= (xex

dy = CreX + (on

QA

dy - (Cxext (exr (e
WL

s kert e

24



Advanced Higher Maths : Unit 1
1.4 Applying Calculus Skills to Solve Differential Equations

Sishiol o dly - &dy + y-ex
0y = 3y 4 y-e

Ox @™ + 20ex - 3 Cxe+ Ce*) +2 (Cxe?) =ex
(xe*t 20e* ~ Jxe A= 3Cert X 0™ = e

-CQ% =¢ex
Q=
T y=- xe?

woeh Solky Y= CEHRE
: G Aerd BE -xeX

R |
Mo A=0, y=I > 1= Ad 0
X - : YA — [0 X {0

Fon O Q) = gpeds ger — (xex ted)

o =0, % =9 D 2=t b
A3 0

@ -0 g% A=2
) =) B-“-— |

= = Z‘X,’X_A(e/)(
brhioar Solhen Y= Z&t-€

Maths in Action Book 3 Page 126 Exercise 7A Questions 1(a), (b) ,(e), (f), (g), (j) @
Page 127 Exercise 7B Questions !(a) ,(e),
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