Advanced Higher Maths : Unit 2
1.1 Binomial Theorem and Complex Numbers

BINOMIAL THEOREM

Learning to use

Factorials
n=nm-1)Mm-2)....ccn..... 32,1 where ne N
eg 5! (read as 5 factorial ) : \
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Examples
1. Evaluate 9!  (without the use of a calculator)
6!
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s
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= 50y
2. Evaluate 8! - 6! (without the use of a calculator)
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= 6! (8x7-)
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3. Express in terms of 5! (a) 7! (b) 4!
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4. Six children are to be arranged in a line. How many ways can
the children be arranged ?
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e o oF wap of  ante ging L Wnike Ok
m ool s n

5. How many ways can 3 out of 5 letters A, B,C, D, E be arranged ?

el
nmer of Wk = ixux%
= O

6. How many different number plates can be formed if each is
to contain the three letters A, C, E followed by 3 digits 4,

TP et (b

—— - — —

5 2 | s 2|
pumbor o wip = 3 x 3!
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7. How many even numbers greater than fifty thousand can
bemadefromthenumbersS,7,2,4,3? 2.X3XQX2X’

bw7 L er_ U :
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8. Two boys and four girls are to be seated on a bench so that

the two boys are next to each other. How many ways can
this be done ?
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Maths in Action Unit 1 p5 Exercise 2A nos 1 —4
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Combinations

*** Order is not important ***

Example
There are 5 people and we have to select a team of 3. How many different teams
can we pick ?
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In general the number of different ways of choosing r objects out of n
(different) objects is

n
"C. or ()
r

n
where C,- = n!
r!(n-r)!
Examples

1. Two children are chosen at random from six. How many different ways are

there of choosing the children ?

. a\
°(C, 6

- 5 (or e cdelakr _’)

7
2. Evaluate 3

boti_
o
Qo



Advanced Higher Maths : Unit 2
1.1 Binomial Theorem and Complex Numbers

Tips for success
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3. Find the value of n for which

s

0C,- 55

nt-n51(10=0 .
n=1) o nor Vad.
¢ n=T1l ) g,,né/

4. How many different commlttees each consisting of 3 boys and 2 girls can be
chosen from 7 boys and 5 girls ?
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Maths in Action Unit1 pS nosS5,6
p7 nos2,4,5
Worksheet : Combinations of r objects from n.
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Pascals Triangle

"C. is the rth number in the n" line of

Pascals Triangle

W ham

| 2 l
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| G e U | (y
| 5 1 ] j
l b 15 20 |5 ¢ |
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From Pascals triangle we can see two results.
n n . 1
C="C,_ ) “’Cl\ =
( symmetrical) add \S\P % v
n n _ n+1 ] ;o )
C. + C. = C. & bl “Cs e 705_
(each entry is the sum of the two above)
We can also prove these results algebraically. )
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1.1 Applying Algebraic Skills to the Binomial Theorem and Complex Numbers

Rosolk 2 Mot W= MCe
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Tips for success
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Maths in Action Unit 1 p8 Exercise 2B nos 6 (a) (b), 7
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The Binomial Theorem

Expand (Xx+3)°, (x+»), (x+»)’,(x+»), (x+)*

Can you spot a patte?m ?
«1501
5(*\,5 Xty
(xw s KM 2091&
(g = A 3yt XYt Y
() - X4 ey + 6%) t uxw Yu
naenhy CLYQW Numbss

L Pascals A
i
Lo
| 2 |
13 3 |
It § |

In pure maths combinations are most often used when expanding brackets.

Eg (x+y) = x> +3x? y+3xy +y

R coelfieny B thd Wi i Pacas 4

In general the Binomial Theorem gives

(x+y)'="Cx"y’+"Cx" "y +"Cx" 2 y* +...c.

n—r_»r

...... +'CX""yY . AC X"

€ %

In shorter form this can be written

e =2 Cxy | % ey

l\nwng o ‘am oP ! -
e Q0 up oaci_ T wih =Gy =l bpTe

T=n
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Note
The coefficients are from Pascals triangle.

- n
The coefficients of the term X " will be C;‘ .

The indices of x and y in any term always add up to n.

Examples |
1. Expand (x+y) ll 2,(
(mjﬁ)ﬁ\/ w sthour of Paals A 2 Su'
( SIS |

ESRRE A+ 10Ky L-;Jr%ﬁ 1y

2 KOE Syt 04 10> Syt

2. Expand (2x+ )"
(2aagl = 1lmy's W@y 1 b0y Uy
Py
- Ibx B0y 2yt Syt
X pohig thar e hunbes
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3. Expand (x+3)3
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|

1

4. Expand (1—2x)’ Ly
p'htm( as | (I () BENEN
LB 3 () 30 (kL)

- 1= ent 3(we) 4 (F
= -bx+ \m-ms
Nehe \ML e of Sus - 4=

ﬂ\l) \/\,W" le‘vﬁﬁ D&‘\JI\Q UL U\\m«i’\, a V\uf Ue Aﬁml\:ﬂ[

5. For (x + 1)10
power 5.

expand only as far as the term 1in x to the

R s Sy paseD of A

(er)® = (14%)°
- “)Ce ]““/Xc+ 'lOGIQ,X) *_‘CL 1Sy iOC |33
PG X+ (s P54
210Kt USa ROt 2IDAY 252«5- ,
%rtlzy seem strange to only go up to the term in n=5. This is actually quite common

since we often use series expansions like this when we are working with small values
of x (x=0). In this case the higher powered terms will be of diminishing significance

e

el Parals A
S Ve A
msml

2 1\3 i
6. Expand (x +§)

S (R P e 3 () 30 ) L
31 (e [xt)
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SN et 3 L
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7. Expand (2+x)’.
Use this to calculate 2.1°.

(21%)% 1.25+ 5,20+ 0. 22204 10,256 + 5244
+ (X5

7 32t H0At B0oet DA 10Xt X5
(20p= (2401)7 |
= 334 KO(0) 8OL0. 1Y+ Wl00) 10(0)4(0.1)F
= 3+8+ 051 004 0.00H 0,600
= (0.8010]

Tips for success
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Maths in Action unit 1 p9 Exercise 3A Questions 1,2

p13 Exercise 4 Questions 1(a),2(a)

12



Advanced Higher Maths : Unit 2
1.1 Applying Algebraic Skills to the Binomial Theorem and Complex Numbers

Binomial Theorem to find Particular Terms

Further Examples

1. Find the term in X' in (x'*'%)9
Te 94 ol fem 1
Up &7 ( Q__)r

X SphF up

= qcr 2]'\/)( Q'I‘/)( -~ /\/—aIJ /X\b M
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2. Find the term independent of x in the binomial expansion of
2
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3. Find the term independent of x in the expansion of

1
1 2 2 _10 o )
(r)exs) ) gy ol

St 4ot A (xay)” Arst bizclof
y > gengol e
(ecl e a2 e (90T (%)
Ocr (x)°F (&)P = 100 gio-Tya g0t g~
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- 808l okl 806u1 BEO
= 11424
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Maths in Action Unit 1 p9 Exercise 3A Questions 3,4
p12 Exercise 3B Question 7
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COMPLEX NUMBERS

To enable us to solve equations such as
x* =-16

we introduce the idea of an imaginary number i where

i=+-1 or i’ =-1

Thus we have

x*=-16
x=14-16
x=1/16+-1

x=14i

Definitions

e bi where be R isan imaginary number.

® a+bi where a,bc R isa complex number.

e If z=a+ib thenthe real part of zis Re(z)=a
and the imaginary part of z is Im(z)=b

eg Ifz=2-5i wehave Re(z)= 2

and Im(z)= 5

Note If two complex numbers are equal then their real parts are equal and their
imaginary parts are equal.

eg 6+4i=a-+ib

so a= 6
and b= L‘,

15
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e The complex conjugate of z=a+ib is z=a-ib
eg Write down the complex conjugate of the following complex numbers

(a) z=-4+2i (b) w=3 -5i

2= )-) W = 3¢

Adding and Subtracting

Simply add or subtract the real parts together and the imaginary parts together.
Examples

1. Simplify (4 - 2i) +(3 + 7i)

AN

2. Find z+z if z=3-7i
Zte

- 3Tt 3t N
= 6

Multiplication

Multiply brackets as usual.

Remember

etc
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Examples
1. Calculate (2—71)(3 +21)

= 6l -lc -1
= 201

2. If z=a+ib calculate zz.
22 = (arch)(a-Cb)
at-({*bt
= Qb

Nk 2% & a\w%s eal s

Maths in Action Book 2 Page 90 Exercise 1 Question1,7,8

Division
. .. a+ib . .
To simplify i multiply top and bottom by the complex conjugate of the
c+i

denominator. i.e.c—id

Example
5+2i
1-3i
- (5tu) (w3
(130) (1130
= H5H ISt 204602
I=que
= bt -6
[+4
= |t
i0
= -0+ 00
(VT v

Simplify

17
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Exam Question

Two complex numbers, z, and z,, are given by z, =3—-2iand z, =6+ ki,
where k is a real number.

(@)  Given that z; — 3z, is a purely real number, find the value of k.

(b)  Express 2 in the form x + iy, where x and y are real numbers.
p - y
i

@ -3
- (3-20)¢- 3(64 ki)
= 9= bl 4 liz- 18 -3k
= 0- U= K-3kt
=R~ e -3kt
=3~ (lr3L
ol & 1t k=0

O’) i—z - 6_1_‘&
Z, 32
(3-20)(3t2()
= BTt pit 8
9~y
0t 20¢

7]
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Tips for success.....

cvemombs (e - (30 ek

: 2% & aagg ed s R diude polkply
bo ia\j ampax (h)gads -

> porcly veal puos @effioen of Lt 2w,

putely Inggngy - e bl port 18 =e

Maths in Action Book 2 Page91 Exercise2 Question1 (a)(d), 3,6

Equations

We can now solve all quadratic equations.
Example

@ Solve x*+2x+6=0 X ¢ C )
RO L b o b numder -

e we howe terd @eflooy > uﬁ,%ﬂ&ﬂhﬁ du .
o=l b=2 b
X==b % Jhuc

20
K-t JU
X=-22 [%

A
3
2.
X= =24 Lho
pa
Xz 9 3 25¢

)2 19
xX= —| 3 JVSK‘
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lmQﬂagaM efhiion

aser fo loF z=avy

and et tei

and% t)Snaﬂj
)]

@ Mol 7 Wz -6 =0 2z ¢eC.
Lo z=avd  Qb€R
O+ 2abl — b+ 200 -2b -6

Egutt
Ral ) Or-pt-2b-6-0 - )

magnan) 20b+ 2020

20 (bF1)=0
a=0 or b~
O-0 b=~
\V\ @() ‘bL"Zb -é"'O l“ @i) aL'h’Z’();O
b+ 2b+=0 aL_?
bL'uC“.-' (,L"w a: ’/JB_
no resl '&(SLZ\S/MS Solhas 2= J5-L ar+{5-(

Finding the Square Roots of a Complex Number

Example

Find the square roots of (3 + 41)
Supow e sgve @ B ailh Whue G beR
e (3t i) = (atlbl
= Ot-p4 Jube
Egaie teol ond imagnay  park.
S acbe 3@ (e park)
o= i - @

Sove élmv\\ranewil% -
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fm @ o= L
0 C%—)L- bt =3

G - b3
b* .
- b= 3b*
bu+ - =0
(b W) (pta1)=0
b---U b |
 ashie "
NOT UsSI b=l  a=2
S\VILQ, bey\- b:'l = a:\_z’

Spme b ae 24
“2-L

Tips for success

\nnﬂ QUL e W real (M@tuurt > M

o Stlung QUudiThc vath
S ot 2= arip anl

: fdpy paie 0o of o CUYIP‘MWLM 2
\?e} 2=(as b} and, €yt 10l af‘dtm%

Maths in Action Book 2 Page 90 Exerclse 1 Question 3

Page 91 Exercise 2 Questions 4, 5
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Solving Polynomials

Example

Solve x'—5x'+9x-5=0 XeC.

e ma bt a fudr Bt = o and e
/ﬁg | |l -5 q -G

I TR ——
QLN
Cwos Lo O X118 ¢ fuck
M3-50H Y-S =0
(-0 (%= x+5)=0
S X-1:=0 o A= 1520 doesnt faduwg
X~ AX=-b* Jo~Gat -
20
=L ¥ JI6-20
Z
=43 H
Z
= 3U
pa

For a polynomial with real coefficients if a +ib is a root

then sois a—ib

Any polynomial of order n has n roots.

22
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Example

Given that z = 1 —i is a root of the polynomial equation z* +4z" -8z +20=0
find the other roots.

'?olgnomlid hoo el efhi e
b o 2= [+ & abo a
g zelU © a mb =2 04
- 22 () =2 (94 (-0 (n)
s P22 -2 42 -t
_ N she -0/
= -4
o oolupumicd
Diugk. 5 \O‘U"”’?” 2t +6z+ 10
2-2te [ 2HIE 82 420

24— ¢ &
f- 22t 82320
67- et 112
0~ 202 +20
102-202+20
0
Xomrogon l
gractly Sne. diclny
by ferc ‘
S foogp oher o Mf b f D
2462110 =0
2- —h =) d-ldc
2] kb ae
= -6+ J36-W | &0
z 3t
N A
2z

= =314 &



